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Abstract: Statistical convergence has become an active area of research under the name
of statistical convergence since 1990s of the last century. It has appeared in a wide variety
of topics such as number theory, measure theory, trigonometric series, summability theory, in
the study of strong integral summability and Banach spaces.

In this paper statistical convergence is used to obtain some new results on amarts. Amarts

generalize martingales considerably since every convergent sequence of random variables with

integrable supremum is an amart. Our goal is the study of statistical convergence of asymp-

totic martingales of statistical Bochner integrable functions. We obtain some results for the

statistical convergence of vector valued uniform amarts without assuming the Radon-Nikodym

Property.
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1. Introduction

Amarts generalize martingales; the generalization is considerable since every
convergent sequence with integrable supremum is an amart. The amart com-
bines several useful properties of the martingale, submartingale, supermartin-
gale. Thus the class of martingales is closed under linear combinations, the
class of supermartingales under infimum, the class of submartingales under
supremum; but the class of amarts is closed under all three operations.
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In [1] A. Bellow proved that in contrast to the vector-valued martingale
which converges strongly almost everywhere if and only if the Banach space
E has the Radon-Nikodym property, the vector-valued asymptotic martingale
converges strongly almost everywhere if and only if E is of finite dimension.
During years 70-80’s several articles on asymptotic martingales (amarts) have
appeared. The first unified treatment was given by Edgar and Sucheston in
[8], where further references can be found. Recently Marraffa in [16] has given
a characterization of absolutely summing operators by means of McShane in-
tegrable stochastic processes. Also Bouzar in [14] had obtained theorems on
almost sure convergence for vector-valued uniform amarts.

Statistical convergence recently also has become an active field of research.
It seems to have many applications in different fields of mathematics such as in
[9, 11, 12].

In 2012, Caushi and Tato (see [3]) has proposed a new type of integral such
as statistical integral of Bochner type. Based in this new type of integral we
have studied a new type of martingales such as the martingales of statistical
Bochner integrable functions (see [4, 5, 6, 7]) thus presenting some results on
martingales of statistical Bochner and Pettis integrable functions on Banach
space.

In Section 3 we give some new results on properties of amarts of statistically
Bochner integrable random variables and in Section 4 we present some new
results related to uniform amarts of statistically Bochner integrable random
variables.

2. Definitions and Preliminaries

In this section we recall some basic definitions and notations which form the
background of the present work.

Let E be a Banach space with norm ‖.‖ B(E) its unit ball and E* its
dual. A subset Ts of E* is called a total set over E, if x′(x) = 0 for each
x′ ∈ Ts implies x = 0. Throughout this note (Ω, F, µ) is a probability space and
(Fn)n∈N an increasing sequence of sub-σ -algebras of F . Moreover, without loss
of generality, we will assume that F∞ is the σ -algebra generated by

⋃

n∈N Fn.
We denote by T the set of the set of bounded stopping times for (Fn)n∈N . A
stopping time of the sequence (Fn)n∈D (where D = N or D = −N )is a function
τ :Ω → N ∪ {+∞} such that {τ = n} ∈ Fn for all n ∈ D. Let T = TD be the
set of all bounded stopping times. For each τ ∈ T , we associate the σ -algebra
Fτ = {A ∈ F∞ : A ∩ {τ = n} ∈ Fn,∀n ∈ N}.



STATISTICAL CONVERGENCE OF... 265

A random variable is any mapping X from Ω into E. Unless specified oth-
erwise, all random variables in the sequel are E-valued.

Definition 1. The sequence (Xn)n∈D is said to be an amart for (Fn)n∈D
iff st−

∫

|Xn| < ∞ for all n ∈ D and
(

st−
∫

Xτ

)

τ∈T
converges.

Definition 2. An adapted sequence (Xn, Fn, n ∈ N) of random variables
is said to be

a) Weak amart if the net (E(Xτ ), τ ∈ T ) converges statistically weakly in
E.

b) A uniform weak amart if it is a weak amart such that for any A ∈
⋃

n∈N Fn,E(XnIA) converges statistically weakly in E.

We follow the notions about the statistical convergence of sequences in-
troduced by Fridy [12, 13] as well as the approach of Schoenberg [10] about
integration.

A subset A of the ordered set N of natural numbers is said to have density
δ(A), if lim |A(n)|

n
= δ(A), where A(n) = {k < n : k ∈ A} and |A| denotes the

cardinality of set A ⊂ N. It is clearly that finite sets have the density zero. If
a property P (k) = {k; k ∈ A} holds for all k ∈ A with δ(A) = 1, we say that
property P holds for all k that is a.a.k (allmost all natural k).

Definition 3. The vectorial sequence xn is statistically convergent (st-
convergent) to the vector L of a vectorial normed space if for each ε > 0

lim
n→∞

1

n
| {k ≤ n: ||xk − L|| ≥ ε} | = 0,

i.e. ||xk − L|| < ε, a.a.k..

Lemma 4. (Lemma Salat [15] ) A sequence (xk) is statistically convergent
to L if and only if there exists a set

K = {k1 < k2 < ... <} ⊂ N

that δ(K) = 1 and

lim
n→∞

(xkn) = L

The set K (mentioned in the lemma 4) is directed and the sequence (xkn)
is called the essential subsequence of (xk). The above lemma can be reworded:
A sequence (xk) is statistically convergent to L if and only if there exists an
essential subsequence (xkn) which converges in usual meaning to the limit L.

We can now formulate a new lemma of Salat’s lemma [15] for a sequence of
functions with value in vectorial space: The sequence {fk(x)} where fk : S → X
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(X a vectorial normed space) is statistically convergent to f(x), if and only if,
there exists an essential subsequence fkn of it that is convergent to f(x).

Let {fk} be a sequence of functions with value in vectorial space. For each
x of the domain, we consider the functional sequence (fk(x)). Let (X, ‖.‖) be
a Banach space and (Ω,Σ, µ) is a finite measure space.

Definition 5. [3] A function f : Ω → X is called statistical Bochner
integrable if there exists a st- Cauchy sequence of simple functions (fk) such
that:

a) statistically convergent almost everywhere by µ

b) st− lim
k

∫

Ω

‖fk − fN‖dµ = 0 almost everywhere

and

st− lim
n

∫

Ω
fndµ

is called st- Bochner integral.

The set of statistical Bochner integrable functions is a linear space.

3. Some Properties for Amarts

In this section we would obtain some results for amarts of statistical Bochner
inegrable random variables. Let start with a lemma for amarts. In which
we extend to amarts of statistically Bochner integrable random variables a
characterization known in the case of Bochner integrable random variables.

Lemma 6. Let (Xn)n∈D be an amart for (Fn)n∈D. Then
(

st−
∫

Xτ

)

τ∈T
is statistically bounded.

Proof. We prove the case D = N; the other case is the same. Since
(

st−
∫

Xτ

)

τ∈T
converges statistically, there is N ∈ N such that

∣

∣

∣

∣

st−

∫

XN −

(

st−

∫

Xτ

)
∣

∣

∣

∣

≤ 1

for all τ ≥ N .
If τ is any bounded stopping time, then

∣

∣

∣

∣

st−

∫

Xτ∧N

∣

∣

∣

∣

≤

∫

max
1≤n≤N

|Xn|

and
∣

∣

∣

∣

st−

∫

Xτ∧N −

(

st−

∫

XN

)
∣

∣

∣

∣

≤ 1
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so
∣

∣st−
∫

Xτ

∣

∣ =
∣

∣

(

st−
∫

Xτ∧N

)

+
(

st−
∫

Xτ∧N

)

−
(

st−
∫

XN

)
∣

∣

≤
∫

max
1≤n≤N

|Xn|+ 1

Therefore sup
T

∣

∣st−
∫

Xτ

∣

∣ < ∞.

It is clear that a linear combination of amarts is an amart. Also it is clear
that the maximum and minimum are also amarts.

The proposition below may be considered as an extension of the case of
amarts of Bochner integrable random variables to amarts of statistically Bochner
integrable random variables. The proof of which follows with suitable changes.

Proposition 7. Let (Xn)n∈D and (Yn)n∈D be sequences adapted to
(Fn)n∈D. If assume in addition that they are L1-bounded. Then:

(a) If
(

st−
∫

Xτ

)

τ∈T
and

(

st−
∫

Yτ

)

τ∈T
are statistically bounded above

(below) then
(

st−
∫

(Xτ ∨ Yτ )
)

τ∈T
and

(

st−
∫

(Xτ ∧ Yτ )
)

τ∈T
are statistically

bounded above (below).
(b) If (Xn)n∈D and (Yn)n∈D are amarts, then (Xn ∨ Yn)n∈D and (Xn ∧ Yn)n∈D

are amarts.

Lemma 8. Let (Xn)n∈N be an amart, σ a stopping time. Then
∧
Xn = Xn∧σ

is an amart.

Proof. Let apply Proposition 7 with τn = n ∧ σ. In our case is easy to see

that Fτn ⊆ Fn, n ∈ N and
∧

(Xn, Fn) is an amart.

4. Main Result

We start out with the case of uniform weak amarts. The following proposition
extends to amarts of statistically Bochner integrable random variables a result
known for Bochner integrable random variables.

Proposition 9. Let (Xn, n ∈ N) be a uniform weak amart of statistically
Bochner integrable random variables. Assume that there exist a random vari-
able X and a total subset Ts of E∗ such that for each x′ ∈ Ts, (x

′ ◦Xn, n ∈ N)
convergence a.s. to x′ ◦X. Then (Xn, n ∈ N) is statistically convergent to X.

Proof. Since (Xn, n ∈ N) and X are a.s separably valued, we may and do
assume that E is separable. It can be easily seen that (Xσ∧n, Fσ∧n, n ∈ N) is
a uniform weak amart. Therefore, by the maximal inequality of Chacon and
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Sucheston (1975) and a classical stopping time argument, we can assume that
E (supn ‖Xn‖) < ∞. This implies that the (finitely additive) set function

µ (A) = st− lim
n→∞

E(XnIA),A ∈
⋃

n∈N

Fn

is absolutely continuous and is of bounded variation. Its extension to F∞, which
we also denote by µ, satisfies

µ (A) = st− lim
n→∞

E(XnIA),A ∈ F∞

Letting Ak = [‖X‖ ≤ k], k ∈ N, and noting that XIAk
is statistical Bochner

integrable, it follows that for any x′ ∈ Ts

x′ ◦ µ (Ak) = st− lim
n→∞

E((x′ ◦Xn) IAk
)

= E((x′ ◦X) IAk
) = x′ (E (XIAk

))

Since Ts is total, we have

µ (Ak) = st− lim
k

E(XIAk
), k ∈ N

which implies that

st− lim
k

E(‖X‖ IAk
) = ‖µ‖ (Ak) ≤ E (supn ‖Xn‖)

which in turn implies that X is st-Bochner integrable. Repeating the same
argument as above, we also have

µ (A) = E(XIA), A ∈ F∞

Now for each x′ ∈ E∗, (x′ ◦Xn, n ∈ N) is an L1 -dominated, real-valued amart,
therefore x′ ◦Xn converges a.s. and for A ∈ F∞

E((x′ ◦X) IA) = x′ (E (XIA))
= st− lim

n→∞
E((x′ ◦Xn) IA)

= E(st− lim
n→∞

(x′ ◦Xn) IA)

which implies that x′ ◦X = st− lim
n→∞

x′ ◦Xn.

Since weak sequential amarts and strong amarts are themselves uniform
weak amarts, we have two corollaries which proof follows with suitable changes.
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Corollary 10. Let (Xn, n ∈ N) be a weak sequetial amart of statistically
Bochner integrable random variables. Assume that there exist a random vari-
able X and a total subset Ts of E∗ such that for each x′ ∈ Ts, (x

′ ◦Xn, n ∈ N)
convergence a.s. to x′ ◦X. Then (Xn, n ∈ N) converges statistically to X.

Corollary 11. Let (Xn, n ∈ N) be a strong amart of statistically Bochner
integrable random variables. Assume that there exist a random variable X and
a total subset Ts of E∗ such that for each x′ ∈ Ts, (x

′ ◦Xn, n ∈ N) convergence
a.s. to x′ ◦X. Then (Xn, n ∈ N) converges statistically to X.
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