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1. Introduction

The continuous wavelet transform (CWT) construct a time frequency represen-
tation of a signal that offers good time-frequency localization. CWT is very
efficient in determining the damping ratio of oscillating signals and is also very
resistant to the noise in the signal, see [1].

There are enumerable continuous wavelets available in the literature such as
Gaussian wavelets, Morlet wavelet, Mexican Hat wavelet and so on. The choice
of the mother wavelet is application dependent, one cannot take one class of
the mother wavelet for all applications and expect good results. The proper
choice of the mother wavelet function is important in different applications.

In the paper [4], the author has discussed few properties of mother wavelets
which helps in deciding the mother wavelets in any application of interest.
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In this paper, we discussed certain properties of the family of new continuous
wavelets derived from the product of the Gaussian function and Cauchy-Lorentz
distribution function and compared them with the well-known existing wavelets
for their use in suitable applications, see [7].

2. Continuous Wavelets

2.1. Some of the Existing Continuous Wavelets

2.1.1. Gaussian Wavelets (gau)

This family is constructed starting from the Gaussian function f(x) = Cpe
−x2

and by taking the pth derivative of f(x). The integer p is the parameter of this
family and in the previous formula, Cp (The normalization constant) is such
that ‖fp (x)‖2 = 1, where fp(x) is the pth derivative of f(x).

2.1.2. Morlet Wavelets (morl)

The real-valued Morlet wavelet is defined by the expression

ψ (x) = Ce−x2

cos(5x),

where C normalization constant.

2.1.3. Mexican Hat Wavelet (mexh)

This wavelet is proportional to the second derivative function of the Gaussian
probability density function. The wavelet is a special case of a larger family of
derivative of Gaussian (DOG) wavelets. It is also known as the Ricker wavelet
and is defined by

ψ (x) = e−x2/2(1− x2).

2.2. Family of New Continuous Wavelet

This family is constructed with the successive differentiation of the product of
Gaussian function and Cauchy-Lorentz distribution function i.e.

η (x) = e−x2

.
1

1 + x2
.
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Now taking the kth derivative of η(x) produces a wavelet ξk(x) of order k,
∀ k = 1, 2, ..., 8

ξk (x) =
1√
Ck

dk

dxk
(η (x)) .

In the previous formula, Ck is such that ‖ξk (x)‖2 = 1, the normalization

constant and Ck =
∞∫

−∞

∣∣∣ dk

dxk [ξk (x)]
∣∣∣
2

dx. The values of which are given in Table

1.

The following necessary conditions for the function ξk (x) to be a wavelet
can easily be verified.

•
∞∫

−∞
|ξk (x)|2dx = 1 <∞, ∀ k = 1, 2, 3..., 8.(Finite energy property)

• Cξk =
∞∫
0

|ξ̂k(ω)|2
ω dω <∞ (Admissibility condition)

•
∞∫

−∞
ξk (x) dx = 0, ∀ k = 1, 2, 3..., 8 (Zero average property).

Moreover the vanishing moments property
∞∫

−∞
xnξk (x) dx = 0, ∀ n = 1, 2, ..., k−

1 can also be verified.

Here ξ̂k (ω) is the fourier transform of ξk (x) and

ξ̂k (ω) =

∞∫

−∞

ξk (x) e
−iωxdx

=
π

2
(iω)k

[
e1−ω

(
erf

(
ω/2− 1

)
+ 1

)
− e1+ω

(
erf

(
ω/2 + 1

)
− 1

)]
.

Here erf(α) is the Error function defined by erf(α) = 2√
π

α∫
0

e−ξ2dξ; the

functions ξk (x),∀ k = 1, 2, 3..., 8, forms a family of one dimensional continuous
wavelets with effective support [−5, 5].
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k Ck Cξk

1 1.601616580 3.016213576

2 9.112718044 10.92510487

3 95.97420331 87.16186635

4 1596.419729 1167.969380

5 38948.93124 23691.31307

6 1330506.195 687364.7346

7 61348820.77 27395877.23

8 3697995365 1449753504.2

Table 1: The values of normalization constant Ck and admissibility
constant Cξk

3. Properties

3.1. Support, Symmetry, and Regularity

The effective support of each member of the family is [−5, 5] and are infinitely
differentiable, hence the regularity is infinity. The waveform is symmetric when
n even and antisymmetric when n odd.

3.2. Time-Bandwidth Product of the Wavelets

The time width, frequency width of the wavelet function ξk(x) are defined as

∆2
t =

∞∫
−∞

x2 |ξk (x)|2dx
∞∫

−∞
|ξk (x)|2dx

, ∆2
ω =

∞∫
−∞

ω2
∣∣∣ξ̂k (ω)

∣∣∣
2
dω

∞∫
−∞

∣∣∣ξ̂k (ω)
∣∣∣
2
dω

.

Thus ∆2
t .∆

2
ω defines the time-bandwidth product of the wavelet. Smaller the

values of ∆2
t and ∆2

ω results in high time and frequency localization respectively[4].
The values of time width, frequency width and time-bandwidth product

for each member of the new continuous wavelets along with continuous Morlet,
Gaussian and Mexican Hat wavelets are computed and tabulated. As compared
to the existing wavelets, the new continuous wavelets possess the lesser values of
∆2

t and hence can be employ in good time localization of spectral components
of the signals such as examination of QRS complex in ECG signals.

The Power Spectral Density (PSD) which shows the strength of the varia-
tions(energy) as a function of frequency are also computed for each member of
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the family and are given in the following figure here Pxx denotes power of the
wavelet in frequency domain.

Continuous Gaussian waveletsNew Continuous wavelets Continuous Morlet wavelets

Order ∆2

t
∆2

ω ∆2

t
.∆2

ω Order ∆2

t
∆2

ω ∆2

t
.∆2

ω ∆2

t
∆2

ω ∆2

t
.∆2

ω

1 0.75000 3 2.25000 1 0.40255 5.68970 2.29038 0.2499825.99991 6.49937
2 0.58333 5 2.91667 2 0.2597810.531902.73599 Continuous Mexican Hat wavelets

3 0.55000 7 3.85000 3 0.1986516.633843.30429 ∆2

t
∆2

ω ∆2

t
.∆2

ω

4 0.53571 9 4.82143 4 0.1540224.397683.75782 1.16667 2.50000 2.91667
5 0.52778 11 5.80556 5 0.1204934.160274.11593
6 0.52273 13 6.79545 6 0.0963146.109384.44080
7 0.51923 15 7.78846 7 0.0794560.278184.78889
8 0.51667 17 8.78333 8 0.0676876.611825.18475

Table 2: Time width, Frequency width and timebandwidth product of
the wavelets

3.3. Conversion of Scale to Frequency

The continuous wavelet transform (CWT) converts the signal from time domain
(one dimension) to scale-time domain (two dimension) which is not very easy
to understand compared with the Fast Fourier Transform (FFT) result. The
scale value can be converted into frequency (pseudo-frequency), the value of
which depends on the central frequency of the applied wavelets and the scale
value a and is given by

fa =
fc
a∆

,

where

• a is a scale.

• ∆ is the sampling period.

• fc is the center frequency of a wavelet in Hz.

• fa is the pseudo-frequency corresponding to the scale a, in Hz.

The idea is to associate with a given wavelet a purely periodic signal of frequency
fc or fc =

1
λ where λ is the Fourier wavelength (Frequency fourier factor) and

the relationship between the equivalent fourier period and the wavelet scale can
be derived analytically for a particular wavelet function by substituting a cosine
wave of a known frequency into wavelet transform definition and computing the
scale a at which the wavelet power spectrum reaches its maximum [2][3] and it
is found to be λk shown in the following table where k = 1, 2, 3..., 8.
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Figure 1: Power Spectral Density (PSD) of the wavelets

The central frequency based approximations of each member of the family
of wavelets are given figure-2. In the figure the wavelet ξk (x) is approximated
with a purely periodic signal [−A sin(2πfcx) (for odd k) and A cos(2πfcx) (for
even k)] with the corresponding central frequency fc of the wavelets.

Here A = max|ξk(x)| is the maximum value of |ξk(x)|.
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k λk
1 2π

2.27498

2 2π
3.06434

3 2π
3.82490

4 2π
4.63553

5 2π
5.53537

6 2π
6.50526

7 2π
7.50045

8 2π
8.50002

Table 3: Frequency fourier factor of the wavelets

Figure 2: Central frequency based approximation of the new continuous
wavelets
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Conclusion

Some useful properties of the proposed wavelets such as symmetry, Regularity,
support and time-bandwidth product are discussed. It is found that these new
continuous wavelets possess lesser values of time width and time-bandwidth
product as compared to the well-known existing wavelets and hence can be used
in those applications which required good localization of spectral components in
the signals. The plots of power spectral density for each member of the family
are also computed.
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