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Abstract: The paper introduces the concept of an operation on SCO(X), the family of
sc-open subsets of a topological space X. Using this operation, we define sc-y-open sets,
and study some of their related notions. Also, we introduce sc-y-generalized closed sets and
investigate their properties. Moreover, we introduce and study sc-y-T; spaces (i € {0, %, 1,2})
and sc-(7y, 8)-continuous functions. Finally, some basic properties of functions with sc-3-closed

graphs are obtained.
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1. Introduction

The concepts of an operation on 7 and a-closed graphs of functions is due to
Kasahara [4]. After the work of Kasahara, Jankovic [3] defined the concept of
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operation-closures of v and investigated function with strongly closed graph.
Ogata [8] defined and studied the concept of operation-open sets, and used it
to investigate operation-separation axioms and operation-functions. Recently,
Krishnan, Ganster and Balachandran [6] studied the notion of mapping v on
SO(X), the family of semi-open subsets of a space X, that were defined by
Levine [7]. Then they work on the family of semi y-open sets. In this paper
we introduce the concept of an operation v on SCO(X), the family of sc-
open subsets of a space X that are defined by Khalaf and Ameen [5], and
define the concept of sc-y-open sets of (X,7) by using the operation 7 on
SCO(X). Also, we define sc-closure,, sc-y-closure and sc-v-interior and study
their relationships. In Section 4, we introduce the concept of sc-y-generalized
closed sets and find its properties. In Section 5, sc-y-T; spaces where i €
{0, %, 1,2} are studied. In the last two sections, some properties of sc-(v, 5)-
continuous functions with sc-8-closed graphs are obtained.

2. Preliminaries

Throughout this paper, the space (X, 7) (or simply X') always mean topological
space on which no separation axioms are assumed unless explicitly stated. The
symbols CI(A) and Int(A) are the closure and the interior of A C X, respec-
tively. A subset A of a topological space (X, 7) is called to be semiopen [7] if
A C Cl(Int(A)). A semiopen subset A of a topological space (X,7) is called
sc-open [5] if for each = € A, there exists a closed set F' such that z € FF C A.
The complement of sc-open is sc-closed [5]. The sc-closure, denoted by sc-
CI(A) [5], of a subset A of X is defined as the intersection of all sc-closed sets
containing A, and the sc-interior, denoted by sc-Int(A) [5], of a subset A of
X is defined as the union of all sc-open sets contained in A [5]. The family of
all sc-open (resp. semiopen) subsets of a space (X, 7) is denoted by SCO(X)
(resp. SO(X)).

Definition 2.1. [6] An operation v on SO(X) is a mapping v: SO(X) —
P(X) such that U C v(U) for each U € SO(X), where P(X) is the power set
of X and v(U) denotes the value of v at U. A nonempty set A of X is called

semi y-open if for each x € A, there is a semiopen set U such that x € U and
Y(U) € A

Definition 2.2. [6] A point x € X is in the semi vy-closure of a set A C X
if v(U) N A # ¢ for each semiopen set U containing x. The set of all semi
7y-closure points of A, denoted by sCl,(A), is the semi 7-closure of A.
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Definition 2.3. [6] A subset A of (X, 7) with an operation v on SO(X) is
called semi ~-g.closed if sCl,(A) C U if A C U and U is semi vy-open in (X, 7).

Definition 2.4. [6] A topological space (X,7) with an operation 7 on
SO(X) is said to be

1. semi ~-Tj if for any two distinct points x,y in X, there exists a semiopen
set U such that z € U and y ¢ v(U) or y € U and = ¢ v(U).

2. semi -1 if for any two distinct points z,y in X, there exist two semiopen
sets U and V containing = and y respectively such that y ¢ +(U) and

z g y(V).

3. semi v-T5 if for any two distinct points z, y in X, there exist two semiopen
sets U and V' containing = and y respectively such that v(U) N~y (V) = ¢.

4. semi -1 if every semi ~-g.closed set in X is semi y-closed.
2

Definition 2.5. A topological space (X, 7) is said to be locally indiscrete
[1] if every open subset of X is closed.

Lemma 2.6. [5] For a topological space (X, T), the following statements
are true:

1. If (X, ) is either Ty or locally indiscrete, then SCO(X) = SO(X).
2. If (X, 1) is regular, then T C SCO(X).

3. sc-v-Open Sets

Definition 3.1. An operation v on SCO(X) is a mapping v: SCO(X) —
P(X) such that U C v(U) for every U € SCO(X), where P(X) is the power
set of X and v(U) is the value of v at U.

From this definition, we can easily find y(X) = X for any operation v: SCO(X) —
P(X).

Definition 3.2. Let (X, 7) be a topological space and let v: SCO(X) —
P(X) be an operation on SCO(X). A nonempty set A of X is said to be sc-
~v-open if for each x € A, there exists an sc-open set U such that © € U and
~v(U) € A. The complement of an sc-y-open set of X is sc-y-closed. Assume
that the empty set ¢ is also sc-y-open set for any operation v: SCO(X) —
P(X). The family of all sc-y-open subsets of a space (X, 7) is denoted by
SC,0(X).
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It is obvious that every sc-y-open set is sc-open (that is, SC,0(X) C
SCO(X)), but the converse is not hold as shown in the following example.

Example 3.3. Let X = {a,b,c} and 7 = {¢, X, {a},{b,c}} = SCO(X).
Define an operation v: SCO(X) — P(X) as follows:
For every A € SCO(X)
A { A ifac A

X ifa¢ A

Clearly, SC,O(X) = {¢,X,{a}}. Then the set {b,c} is sc-open, but {b,c} is
not sc-y-open. Therefore, SCO(X) ¢ SC,0(X).

Definition 3.4. We can say that a subset A of X is sc-id-open if and
only if A is sc-open in X. The identity operation id on SCO(X) is a mapping
id: SCO(X) — P(X) such that A" = A for every A € SCO(X). Then
SCiqO(X) = SCO(X).

Theorem 3.5. Let (X, 7) be a topological space and v: SCO(X) — P(X)
be an operation on SCO(X). Then the following hold:

1. The union of any class of sc-y-open sets in X is sc-y-open.
2. The intersection of any class of sc-y-closed sets in X is an sc-y-closed.

Proof. (1) Let x € [Jycp{Ax}, where {A)}aen is a class of sc-y-open sets
in X and A is an index set. Then z € A for some A € A. Since A) is sc-y-open
set in X, then there exists an sc-open set V such that z € V C (V) C A\ C
Usea{Ar}. Therefore, [Jycp{Ar} is sc-y-open in X.

(2) Similar to part (1) using complement. O

Example 3.6. The intersection (resp. the union) of any two sc-y-open
(resp. sc-y-closed) sets in (X, 7) is generally not an sc-y-open (resp. sc-y-
closed) set. To see this, let X = {a,b,c¢} and 7 = P(X) = SCO(X). Let
v: SCO(X) — P(X) be an operation on SCO(X) defined as follows:

For every A € SCO(X),

(A ifA£{c
) ={ 40 Haz i
Thus, SC,0(X) = P(X)\{c}. Then {a,c} € SC,0(X) and {b,c} € SC,0(X),
but {a,c} N {b,c} = {c} ¢ SC,0(X). Also, {a} and {b} are sc-y-closed sets,
but {a} U {b} = {a,b} is not an sc-y-closed set.

Remark 3.7. The class of all sc-y-open sets of any topological space
(X, 7) need not be a topology on X in general.



APPLICATIONS OF... 433

Definition 3.8. A topological space (X, 7) with an operation v on SCO(X)
is said to be sc-y-regular if for every x € X and for every sc-open set U con-
taining x, there exists an sc-open set W such that € W and v(W) C U.

Theorem 3.9. Let (X, 7) be a topological space and v: SCO(X) — P(X)
be an operation on SCO(X). Then the following are equivalent:

1. SCO(X) = SC,0(X).
2. (X, 1) is an sc-y-regular space.

3. For every x € X and for every sc-open set U of (X, T) containing x, there
exists an sc-y-open set W of (X, T) containing x such that W C U.

Proof. (1) = (2) Let x € X and let U be an sc-open set in X such that
x € U. It follows from assumption that U is an sc-y-open set. This implies
that there exists an sc-open set W such that x € W and y(W) C U. Therefore,
the space (X, 7) is sc-y-regular.

(2) = (3) Let x € X and let U be sc-open in (X, 7) with x € U. By (2),
there exists sc-open W such that z € W C (W) C U. Hence W is an sc--
open set containing x such that W C U, which proves (3).

(3) = (1) By (3) and Theorem 3.5 (1), every sc-open set of X is sc-y-open
in X. That is, SCO(X) C SC,0(X). But SC,0(X) C SCO(X) is always
true. Hence SCO(X) = SC,0(X). O

Remark 3.10. Since every sc-open set is semiopen, then by Definition 3.2
and Definition 2.1, every sc-y-open set is semi ~y-open, but the converse is not
true in general. For instance, let X = {a,b,c,d} and 7 = {¢, X, {c}, {d}, {c, d}}.
Then SO(X) = {¢, X,{c},{d},{a, c}, {a,d},{b, c},{b,d}, {c,d},{a,b, c},{a,b,d},
{a,c,d},{b,c,d}} and SCO(X) = {¢,X,{a,b,c},{a,b,d}}. Define an op-
eration v: SCO(X) — P(X) by v(A) = A for all A € SCO(X). Here,
SC,0(X) = SCO(X) and SO(X), = SO(X). Therefore, the set {c} is semi
~y-open but not sc-y-open.

Lemma 3.11. The following properties are true for any topological space
(X, 7):

1. If (X, 7) is either Ty or locally indiscrete, then the operationsy on SCO(X)
and v on SO(X) are equivalent and hence the concept of sc-y-open set
and semi y-open set coincide (That is SC,0(X) = SO(X),).
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2. If (X, 1) is regular, then every y-open set is sc-y-open.

Proof. (1) Follows from their definitions and Lemma 2.6 (1).

(2) Follows from their definitions and Lemma 2.6 (2). O

Definition 3.12. Let (X, 7) be any topological space. An operation -y on
SCO(X) is said to be

1. sc-open if for each x € X and for every sc-open set U containing z, there
exists an sc-y-open set W containing z such that W C ~(U).

2. sc-regular if for each # € X and for every pair of sc-open sets U; and U,
such that both containing x, there exists an sc-open set W containing x
such that v(W) C v(Uy) Ny (Ua).

For example, the mapping v: SCO(X) — P(X) defined in Example 3.3 is
sc-regular operation.

Theorem 3.13. Let a mapping v be sc-regular operation on SCO(X). If
the subsets A and B are sc-y-open in (X, 7), then AN B is sc-y-open in (X, 7).

Proof. Suppose z € ANB for any sc-y-open subsets A and B in (X, 7) both
containing x. Then there exist sc-open sets U; and Us such that x € U; C A
and x € Uy C B. Since 7 is an sc-regular operation on SCO(X), there exists
an sc-open set W containing x such that v(W) C ~(U;) Ny(Uz) € AN B.
Therefore, AN B is sc-y-open in (X, 7). O

Remark 3.14. Theorem 3.13 shows that SC,O(X) forms a topology on
X for any sc-regular operation v on SCO(X).

Definition 3.15. The point x € X is in the sc-closure, of a set A if
Y(U) N A # ¢ for every sc-open set U containing x. The set of all sc-closure,
points of A is called sc-closure, of A, and is denoted by sc-Cl,(A).

Definition 3.16. Let A be a subset of a topological space (X, 7) and let 7
be an operation on SCO(X). The sc-vy-closure of A is defined as the intersection
of all sc-y-closed sets of X containing A and is denoted by sc,Cl(A). That is,

seyCl(A) =({F:ACF, X\F e SC,0(X)}.

Theorem 3.17. Assume that A is a subset of a space X and ~ is an
operation on SCO(X). Then = € sc,CI(A) if and only if AN U # ¢ for every
sc-y-open set U of X containing x.
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Proof. Let € sc,CIl(A) and let A N U = ¢ for some sc-y-open set U
of X containing x. Then A C X\U and X\U is sc-y-closed set in X. So
scyCl(A) € X\U. Thus, x € X\U. This is a contradiction. Hence A N U # ¢
for every sc-v-open set U of X containing z.

Conversely, suppose that z ¢ sc,CI(A). So there exists an sc-y-closed set
F such that A C F and x ¢ F. Then X\F is an sc-y-open set such that
x € X\F and A N (X\F) = ¢. This contradicts the hypothesis. Therefore,
x € scyCl(A). O

Lemma 3.18. The following statements hold for any subsets A and B of
a topological space (X, T) with an operation v on SCO(X).

~

. 5¢4CI(A) is sc-y-closed in X and sc-Cl,(A) is sc-closed in X.
2. AC sc-Cl(A) C sc-Cly(A) C scyCl(A).
. 5¢,Cl(¢) = 5¢-Cly(¢) = ¢ and sc,Cl(X) = sc-Cl(X) = X.

4. (a) A is sc-y-closed if and only if sc,CIl(A) = A and,
(b) A is sc-y-closed if and only if sc-Cl,(A) = A.

w

5. If A C B, then sc,CIl(A) C sc,Cl(B) and sc-Cl,(A) C sc-Cl(B).
6. (a) scyCl(AN B) C se,Cl(A) N scyCl(B) and,

(b) sc-Cly(A N B) C sc-Cly(A) N sc-Cly(B).
7. (a) scyCl(A) U sc,Cl(B) C scyCl(A U B) and,

(b) sc-Cly(A) U sc-Cl,(B) C sc-Cly(A U B).
8. s¢,Cl(scyCl(A)) = seyCl(A).
Proof. Straightforward. O

Theorem 3.19. For any subsets A, B of a topological space (X, ), if
is an sc-regular operation on SCO(X), then

1. s¢,Cl(A) U s¢,Cl(B) = sc,Cl(A U B).
2. sc-Cly(A) U sc-Cly(B) = sc-Cl,(A U B).

Proof. (1) It is enough to proof that sc¢,Cl(A U B) C sc,CIl(A) U sc,Cl(B)
since the other part follows directly from Lemma 3.18 (7). Let x ¢ sc,CI(A) U
s¢yCl(B). Then there exist two sc-y-open sets U and V' containing x such that
ANU=¢and BNV = ¢. Since v is an sc-regular operation on SCO(X), by
Theorem 3.13, U NV is sc-y-open in X such that



436 B.A. Asaad, Z.A. Ameen

UNnV)n(AUB) =¢.
Therefore, we have = ¢ sc,CI(A U B) and hence
scyCl(A U B) C scyCl(A) U s¢,Cl(B).
(2) Let ¢ sc-Cly(A) U sc-Cl,(B). Then there exist sc-open sets U; and
Us such that © € Uy, x € Uz, A N y(Uy) = ¢ and A N v(Us) = ¢. Since

v is an sc-regular operation on SCO(X), then there exists an sc-open set W
containing x such that v(W) C v(U;) Ny(Uz). Thus, we have

(AU B)N~y(W) < (AU B) N (v(Ui) N~(U2))-

This implies that (A U B) N (W) = ¢ since (A U B) N (v(U1) N v(Uz2)) = ¢.
This means that « ¢ sc-Cl,(A U B) and hence sc-Cly(A U B) C sc-Cly(A) U
sc-Cly(B). Using Lemma 3.18 (7), we have the equality. O

Theorem 3.20. Suppose that A is a subset of a space X. If~y is an sc-open
operation on SCO(X), then sc-Cl,(A) = scyCl(A), sc-Cly(sc-Cly(A)) = sc-
Cly(A) and sc-Cl,(A) is an sc-y-closed set in X.

Proof. We only need to show that sc,CIl(A) C sc-Cly(A) because by Lemma 3.18
(2), we have that sc-Cly(A) C sc,CI(A). Now, let x ¢ sc-Cl,(A). So thereis sc-
open U containing x such that A N ~v(U) = ¢. Since v is an sc-open on SCO(X),
then there exists an sc-y-open set W containing x such that W C ~(U). There-
fore AN W = ¢ and so « ¢ scyCI(A), by Theorem 3.17. This implies that
scyCl(A) C sc¢-Cly(A). Hence sc-Cl,(A) = sc,CI(A). Moreover, using the
above result and Lemma 3.18 (8), we get sc-Cly(sc-Cly(A)) = sc-Cl,(A) and
then by Lemma 3.18 (4b), we obtain sc-Cl,(A) is sc-y-closed in X. O

Theorem 3.21. Let A be a subset of a topological space (X, 1) and let 7
be an operation on SCO(X). Then the following statements are equivalent:

1. A is sc-y-open.

2. sc-Cl,(X\A) = X\A.

3. sc,Cl(X\A) = X\A.

4. X\ A is sc-y-closed.

Proof. Clear. O

Definition 3.22. A subset N of a topological space (X, 7) is called an
sc-y-neighbourhood of a point x € X, if there exists an sc-y-open set U in X
such that x € U C N.
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Lemma 3.23. A subset U C (X, 7) is sc-y-open if and only if it is an
sc-y-neighbourhood of each of its points.

Proof. Let U be an sc-y-open set in (X, 7). By Definition 3.22, U is an
sc-y-neighbourhood of each of its points, since for every x € U, x € U C U and
U e SC,0(X).

Conversely, suppose that U is an sc-y-neighbourhood of each of its points.
Then for each x € U, there exists an sc-y-open set V, containing x such that
Ve CU. Set U = J,epy Ve Since each V, is sc-y-open, by Theorem 3.5 (1), U
is sc-y-open in X. ]

Definition 3.24. Let A be a subset of a topological space (X, 7) and let
~ be an operation on SCO(X). The sc-y-interior of A is defined as the union
of all sc-y-open sets of X contained in A, and is denoted by sc,Int(A). That
is,

scyInt(A) = U{U : U € SC,0(X) and U C A}.

Some important properties of sc-y-interior operator will be given in Lemma 3.25.

Lemma 3.25. Let A and B be subsets of a topological space (X, ) and
let v be an operation on SCO(X). Then the following statements hold:

1. scyInt(A) is sc-y-open in X and scyInt(A) C sc-Int(A) C A.
2. scyInt(¢) = ¢ and scyInt(X) = X.

3. A is sc-y-open if and only if sc,Int(A) = A.

4. If A C B, then scyInt(A) C scyInt(B).

5. scyInt(A N B) C scyInt(A) N scyInt(B).

6. scyInt(A) U scyInt(B) C scyInt(A U B).

7. scyInt(scyInt(A)) = scyInt(A).

8. scyInt(X\A) = X\sc,Cl(A).

Proof. Straightforward. O

Theorem 3.26. If~y is an sc-regular operation on SCO(X), then for any
subsets A, B of X,

scyInt(A) N scyInt(B) = scyInt(A N B).
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Proof. Follows from Theorem 3.19 (1) and Lemma 3.25 (8). O

Lemma 3.27. Let (X, 7) be a topological space and let vy be an sc-regular
operation on SCO(X). Then sc,Cl(A)NU C scyCl(ANU) holds for every
sc-y-open set U and every subset A of X.

Proof. Suppose that © € sc,CI(A) NU for every sc-y-open set U. Then
x € scyCl(A) and x € U. Let V be an sc-y-open set of X containing x. Since y
is sc-regular on SCO(X), by Theorem 3.13, U N V is sc-y-open set containing
x. But z € sc,CI(A). Then, by Theorem 3.17, we have A N (U N V) # ¢.
This implies that (A N U) NV # ¢. Therefore, by Theorem 3.17, x € sc,Cl(A
N U). Thus, scyCl(A) N U C sc,CI(ANU). O

The proof of the following lemma is similar to Lemma 3.27 using Lemma 3.25
(8).
Lemma 3.28. Let (X, 7) be a topological space and let -y be an sc-regular

operation on SCO(X). Then scyInt(AU F) C sc,Int(A) U F holds for every
sc-y-closed set F' and every subset A of X.

4. sc-v-g.Closed Sets

Definition 4.1. A subset A of a topological space (X, 7) with an operation
v on SCO(X) is said to be sc-y-generalized closed (briefly sc-y-g.closed) if sc-
Cly(A) C U whenever A C U and U is an sc-y-open set in X.

Lemma 4.2. Let (X, 7) be a topological space and let v be an operation
on SCO(X). Aset Ain (X, 1) is sc-y-g.closed if and only if ANsc,Cl({z}) # ¢
for every x € sc-Cl,(A).

Proof. Suppose that A is sc-y-g.closed set in X and suppose (if possible)
that there exists an element x € sc-Cly(A) such that AN sc,Cl({z}) = ¢.
This follows that A C X\sc,Cl({z}). Since sc,Cl({z}) is sc-y-closed and A is
an sc-v-g.closed set in X, then X\sc,Cl({z}) is sc-y-open and so sc-Cl,(A) C
X\sc,Cl({z}). This means that z ¢ sc-Cl,(A), which is a contradiction. Hence
AN se,Cl({x}) # .

Conversely, let U € SC,0(X) such that A C U. To show that sc-Cl,(A) C
U, let x € sc-Cly(A). By hypothesis, AN sc,Cl({x}) # ¢. So there exists an
element y € AN scyCl({z}). Therefore y € A C U and y € sc,Cl({z}). By
Theorem 3.17, {x} NU # ¢. Hence x € U and so sc-Cl,(A) C U. Thus, A is
sc-y-g.closed set in (X, 7). O
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Theorem 4.3. Let A be a subset of topological space (X,7) and let 7
be an operation on SCO(X). If A is sc-y-g.closed, then sc-Cl,(A)\ A does not
contain any nonempty sc-y-closed set.

Proof. Let F' be a nonempty sc-y-closed set in X such that FF' C sc-
Cly(A)\A. Then F C X\A implies that A C X\F. Since X\F is sc-y-open
and A is sc-y-g.closed, then sc-Cl,(A) € X\F. That is FF C X\sc-Cl,(A).
Hence F' C X\sc-Cl,(A)Nsc-Cly (A)\A C X\sc-Cly(A) Nsc-Cl,(A) = ¢. This
shows that F' = ¢, which is a contradiction. Therefore, F' Z sc-Cly,(A)\A. O

Theorem 4.4. If~: SCO(X) — P(X) is an sc-open operation, then the
converse of the Theorem 4.3 is true.

Proof. Let U be an sc-y-open set in (X,7) such that A C U. Since
v: SCO(X) — P(X) is an sc-open operation, by Theorem 3.20, sc-Cl,(A)
is sc-y-closed in X. Thus, using Theorem 3.5 (1), we have sc-Cl,(A) N X\U is
an sc-y-closed set in (X, 7). Since X\U C X\A, then sc-Cly(A) N X\U C sc-
Cly(A)\A. Using the assumption of the converse of Theorem 4.3, sc-Cl,(A) C
U. Therefore, A is sc-y-g.closed in (X, 7). O

Corollary 4.5. Let A be an sc-y-g.closed subset of topological space
(X, 1) and let v be an operation on SCO(X). Then A is sc-y-closed if and only
if sc-Cly(A)\A is sc-y-closed.

Proof. Let A be an sc-y-closed set in (X, 7). By Lemma 3.18 (4b), sc-
Cly(A) = A and so sc-Cly(A)\A = ¢ which is sc-y-closed.

Conversely, suppose that sc-Cl,(A)\A is sc-y-closed and A is sc-y-g.closed.
By Theorem 4.3, sc-Cl,(A)\ A does not contain any nonempty sc-y-closed set
and since sc-Cl,(A)\A is sc-y-closed subset of itself, then sc-Cl,(A)\A = ¢
implies that sc-Cl,(A) N X\A = ¢. So sc-Cl,(A) = A. Hence A is sc-y-closed
in (X, 7). O

Theorem 4.6. Let (X, 7) be a topological space and let v be an operation
on SCO(X). If a subset A of X is sc-y-g.closed and sc-y-open, then A is sc-y-
closed.

Proof. Let A be sc-y-g.closed and sc-y-open in X, then sc-Cl,(A) C A and
so, by Lemma 3.18 (4b), A is sc-y-closed. O

Theorem 4.7. Let (X,7) be a topological space with an operation 7y
on SCO(X). For an element v € X, the set X\{z} is either sc-y-g.closed or
sc-y-open.
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Proof. Suppose that X\{z} is not sc-y-open. Then X is the only sc-y-open
set containing X\{z}. This implies that sc-Cl,(X\{z}) € X. Thus X\{z} is
an sc-y-g.closed set in X. O

Corollary 4.8. Let (X, 7) be a topological space with an operation v on
SCO(X). For an element x € X, either the set {x} is sc-y-closed or the set
X\{z} is sc-y-g.closed.

Proof. Suppose that {z} is not sc-y-closed, then X\{z} is not sc-y-open.
By Theorem 4.7, X\{z} is sc-y-g.closed in X. O

Definition 4.9. For a subset A of a topological space (X,7) with an
operation v on SCO(X), the SC,O(X)-kernel of A, denoted by SC,O(X)-
ker(A), is defined by

SCLO(X)-ker(A)=nN{U : ACU and U € SC,O0(X)}

In other words, SC,O(X)-ker(A) is the intersection of all sc-y-open sets of
(X, 7) containing A.

Theorem 4.10. Let A C (X, 7) and let v be an operation on SCO(X).
Then A is sc-y-g.closed if and only if sc-Cl(A) C SC,0(X)-ker(A).

Proof. Suppose that A is sc-vy-g.closed. Then sc-Cl,(A) C U, whenever
A CUandU is sc-y-open. Let x € sc-Cl,(A). By Lemma 4.2, ANsc,Cl({z}) #
¢. So there exists a point z in X such that z € ANsc,Cl({z}) which implies that
z€ ACU and z € sc,Cl({z}). By Theorem 3.17, {}NU # ¢. This concludes
that € SC,0(X)-ker(A). Therefore, sc-Cl,(A) C SC,O(X)-ker(A).

Conversely, let sc-Cl,(A) C SC,0(X)-ker(A). Let U be an sc-y-open set
containing A. Let x be a point in X such that z € sc-Cl,(A). Then z €
SC,0(X)-ker(A). Now, we have z € U, because A C U and U € SC,0(X)}.
Therefore sc-Cly(A) € SC,0(X)-ker(A)C U. Thus A is sc-y-g.closed set in
X. U

5. sc-v-T; Spaces for i € {0, %, 1,2}
In this section, we introduce types of sc-y- separation axioms called sc-y-T; for

i € {0, %, 1,2}, and some basic properties of such spaces are obtained.

Definition 5.1. A topological space (X, 7) with an operation v on SCO(X)
is said to be sc-y-Ty if for every two distinct points x,y in X, there exists an
sc-open set U such that z € U and y ¢ v(U) or y € U and z ¢ v(U).
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Definition 5.2. A topological space (X, 7) with an operation v on SCO(X)
is said to be sc--T7 if for every two distinct points x,y in X, there exist two
sc-open sets U and V' containing x and y respectively such that y ¢ v(U) and

zgy(V).
Definition 5.3. A topological space (X, 7) with an operation v on SCO(X)

is said to be sc-y-T5 if for every two distinct points x,y in X, there exist two sc-
open sets U and V' containing x and y respectively such that v(U) N (V) = ¢.

Definition 5.4. A topological space (X, 7) with an operation v on SCO(X)
is said to be sc-y-T1 if every sc-y-g.closed set in X is sc-y-closed.
2

Theorem 5.5. For any topological space (X, T) with an operation v on
SCO(X), (X,7) is sc-y-T. if and only if for each element x € X, the set {z}
2

is sc-y-closed or sc-y-open.

Proof. Let X be an sc-y-T 1 space and let {x} be not an sc-y-closed set in
(X, 7). By Corollary 4.8, X\{z} is sc-y-g.closed. Since (X, ) is sc—’y—T%, then
X\{z} is sc-y-closed which means that {z} is sc-y-open in X.

Conversely, let F' be an sc-y-g.closed set in (X, 7). We have to show that F'
is sc-y-closed (that is sc-Cl(F) = F' (by Lemma 3.18 (4b))). It is sufficient to
show that sc-Cl,(F) C F. Let x € sc-Cly(F). By hypothesis {x} is sc-y-closed
or sc-y-open for each z € X. We consider two cases:

Case (1): Let {z} be an sc-vy-closed set. Suppose that x ¢ F, then = € sc-
Cly(F)\F contains a nonempty sc-y-closed set {x}. Since F'is sc-y-g.closed
set, so this leads us to contradiction according to Theorem 4.3. Thus = € F.
Therefore sc-Cl,(F) C F and so sc-Cl,(F) = F. This means that F' is sc-v-
closed in (X, 7). Hence (X, 7) is sc—’y—T% space.

Case (2): let {z} be an sc-y-open set. By Theorem 3.17, FN{x} # ¢ which
implies that x € F. So sc-Cl(F) C F. By Lemma 3.18 (4b), F' is sc-y-closed.
Therefore, (X, 1) is sc-y-T 1 space. O

Theorem 5.6. Let v be an sc-open operation on SCO(X). Then (X, )
is sc-y-Ty if and only if sc-Cl,({z}) # sc-Cl,({y}), for every pair x, y of X
with x # y.

Proof. Let z, y be any two distinct points of an sc-y-Tj space (X, 7). By
definition, there exists an sc-y-open set U such that z € U and y ¢ ~(U). Since
v is an sc-open operation on SCO(X), then there exists an sc-y-open set W
such that x € W and W C ~(U). Hence y € X\y(U) € X\W. Since X\W
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is sc-y-closed in (X, 7), then sc-Cl,({y}) € X\W and so sc-Cly({z}) # sc-
Cly({y}):

Conversely, suppose that for any z,y € X with z # y, we have sc-Cl, ({z}) #
sc-Cly({y}). Now, we assume that there exists z € X such that z € sc-
Cly({z}), but z ¢ sc-Cl,({y}). If z € sc-Cly({y}), then {z} C sc-Cl,({y}),
which implies that sc-Cly({z}) € sc-Cly({y}) (by Lemma 3.18 (5)). This im-
plies that z € sc-Cl,({y}). This contradiction shows that = ¢ sc-Cl,({y}). By
Definition 3.15, there exists an sc-open set U such that € U and v(U)N{y} =
¢. Therefore, we have that © € U and y ¢ v(U). This proves that the space
(X, 7) is sc-y-Tp. O

Theorem 5.7. The space (X,7) is sc-y-T} if and only if for every point
x € X, {z} is an sc-y-closed set.

Proof. Let X be sc-y-T} and let = be a point in (X, 7). Then for any point
y € X such that x # y, there exists an sc-open set V}, such that y € V, but
x ¢ v(Vy). Thus, y € y(V,) € X\{z}. This implies that X\{z} = U{y(V}) :
y € X\{z}}. So X\{z} is sc-y-open in (X,7). Hence {z} is sc-y-closed in
(X, 7).

Conversely, let z,y € X such that = # y. By hypothesis, X\{y} and
X\{z} are sc-y-open sets such that = € X\{y} and y € X\{z}. Therefore,
there exist sc-open sets U and V such that x € U, y € V, v(U) C X\{y} and
v(V) € X\{z}. So, y ¢ v(U) and = ¢ (V). This shows that (X, 7) is sc-y-T1.

U

Theorem 5.8. For any topological space (X,7) and any operation v on
SCO(X), the following properties hold.

1. Every sc-y-13 space is sc-y-17.
2. Every sc-y-11 space is sc-’y-T% .
3. Every sc-’y-T% space is sc-y-Tp.
Proof. The proofs can be followed from their definitions. O

Remark 5.9. By Theorem 5.8, Remark 3.10 and Remark 4.12 [6], we
obtain the following diagram. Moreover, the following Examples 5.10, 5.11,
5.12, and 5.13 below show that the reverse implications are not true in general.
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sc-y-Th sc-y-T1 sc-y-Th sc-y-Tp
2

R T

semi v-T5 — semi v-T] — semi v-T1 —— semi -1y
2

Example 5.10. The space (X, 7) in the example appeared in Remark 3.10
is semi 7-7; but not sc-y-T; for i € {0, 1,1,2}.

Example 5.11. Let X = {a,b,c} and let 7 = {¢, X, {a}, {b},{a, b}, {a,c}}.
Define an operation v: SCO(X) — P(X) by v(A4) = A for all A € SCO(X).
Thus, SC,0(X) = SCO(X) = {¢, X,{b},{a,c}}. Then (X,7) is sc--Tp but
not sc—'y—T%.

Example 5.12. Let X = {a,b,c} and let 7 = P(X) = SCO(X). Let
v: SCO(X) — P(X) be an operation on SCO(X) defined by
For every set A € SCO(X)

A if A={a} or {b} or {a,b} or {b,c}
X otherwise

)= {

Clearly, SC,O(X) = {¢, X, {a}, {b},{a,b},{b,c}}. Thus (X,7) is sc—’y—T% but
not sc-y-T1.

Example 5.13. Suppose X = {a,b,c} and let 7 be the discrete topology
on X. Define an operation v on SCO(X) as follows: For every A € SCO(X)

A if A=/{a,b} or {a,c} or {b,c}
X otherwise

V(A) = {

Then (X, 7) is sc-y-T1 space, but (X, 7) is not sc-y-Tb.
Lemma 5.14. Let (X,7) be either T or locally indiscrete space. Then

(X, 7) is sc=y-T; if and only if it is semi v-T;, where i € {0,3,1,2}.

Proof. Follows from Lemma 2.6 (1). O
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6. sc-(,3)-Continuous Functions

Throughout Section 6 and Section 7, let (X,7) and (Y, o) be two topological
spaces and let v: SCO(X) — P(X) and §: SCO(Y) — P(Y) be operations on
SCO(X) and SCO(Y) respectively. In this section, we introduce a new class of
functions called sc-(v, 8)-continuous. Several characterizations and properties
of this class are mentioned.

Definition 6.1. A function f: (X,7) — (Y,0) is said to be sc-(v, 8)-
continuous if for every x € X and every sc-open set V' containing f(z), there
exists an sc-open set U containing x such that f(y(U)) C B(V).

Theorem 6.2. Let f: (X,7) — (Y, 0) be an sc-(vy, B)-continuous function.
Then,

1. f(sc-Cly(A)) C sc-Clg(f(A)), for every A C (X, 7).
2. f7Y(F) is sc=y-closed in (X, 7), for every sc-B-closed set F of (Y,o).

Proof. (1) Let y € f(sc-Cl,(A)) and V be any sc-open set containing y.
By hypothesis, there exists x € X and sc-open set U containing = such that
f(z) =y and f(y(U)) € B(V). Since z € sc-Cl,(A), we have y(U) N A # ¢.
S0 & # F(1(U) N A) C F((U)) N F(A) € BV) N F(A). This implies that
y € sc-Clg(f(A)). Therefore, f(sc-Cly(A)) C sc-Clg(f(A)).

(2) Let F be any sc-S-closed set of (Y, o). By (1), we have f(sc-Cl,(f~1(F)))
C s¢-Clg(F) = F. Therefore, sc-Cl,(f~H(F)) = f~Y(F). Hence f~Y(F) is sc-
v-closed in (X, 7). O

Theorem 6.3. In Theorem 6.2, the properties of sc-(7y, )-continuity of
f, (1) and (2) are equivalent if either the space (Y, o) is sc--regular or the
operation 3 is sc-open.

Proof. It follows from the proof of Theorem 6.2 that the following implica-
tions: ”sc-(7y, B)-continuity of f” = (1) = (2) are already known. So we only
need to prove that (2) = sc-(, §)-continuity of f, when the space (Y,0) is
sc-f-regular. Let x € X and let V € SCO(Y') such that f(x) € V. Since (Y, 0)
is an sc-f-regular space, by Theorem 3.9, V' € SC30(Y). By Theorem 6.2 (1),
7Y V) € SC,0(X) and = € f~1(V). So there exists an sc-open set U such
that * € U and v(U) C f~1(V). This implies that f(y(U)) € V C B(V).
Therefore, f is sc-(v, 8)-continuous.

Now, we prove the implication: (2) = sc-(vy, 8)-continuity of f when ( is an
sc-open operation. Let x € X and let V € SCO(Y') such that f(x) € V. Since
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f is an sc-open operation, then there exists W € SC30(Y") such that f(z) € W
and W C B(V). By Theorem 6.2 (2), f~1(W) € SC,0(X) and x € f~H(W).
So there exists an sc-open set U such that x € U and y(U) C f~Y(W) C

F~HB(V)). Therefore f(y(U)) C B(V). Hence f is sc-(7, 3)-continuous. O

Definition 6.4. A function f: (X,7) — (Y, 0) is said to be

1. sc-(v, B)-closed if the image of every sc-y-closed set of X is sc-3-closed in
Y.

2. sc-(id, B)-closed if the image of every sc-closed set of X is sc-f-closed in
Y.

Theorem 6.5. Suppose that a function f: (X,7) — (Y,0) is both sc-
(v, B)-continuous and sc-(id, 3)-closed, then:

1. For every sc-y-g.closed set A of (X, T), the image f(A) is sc-f-g.closed in
(v,0).

2. For every sc-f-g.closed set B of (Y,0), the inverse set f~1(B) is sc-y-
g.closed in (X, 7).

Proof. (1) Let A be an sc-y-g.closed set and let V' be any sc-f-open set
in (Y,o0) such that f(A) C V. Since f is sc-(v,3)-continuous function, by
Theorem 6.2 (2), f~%(V) is sc-y-open in (X,7). By assumption A is sc-y-
g.closed and we have A C f~1(V), then sc-Cl,(A) C f~4V), and so f(sc-
Cly(A)) € V. By Lemma 3.18 (1), sc-Cl,(A) is sc-closed. Since f is sc-
(id, B)-closed, then f(sc-Cl,(A)) is sc-f-closed in Y. Therefore, sc-Clg(f(A)) C
s¢-Clg(f(sc-Cly(A))) = f(sc-Cly(A)) € V. This implies that f(A) is sc-f-
g.closed in (Y, 0).

(2) Let U be an sc-y-open set of (X, 7) such that f~}(B) C U. Let C = sc-
Cly(f~(B)) N (X\U), by Lemma 3.18 (1), C is sc-closed set in (X, 7). Then
f(C) is sc-f-closed in (Y,0) as f is sc-(id, §)-closed. Since f is an sc-(7, 5)-
continuous function, by Theorem 6.2 (1), we have f(C) = f(sc-Cl,(f~1(B)))
N f(X\U) C sc-Clg(B) N f(X\U) C sc-Clg(B) N (Y\B) = sc-Clg(B)\B.
It follows from Theorem 4.3 that f(C) = ¢, and so C = ¢. Therefore sc-
Cly(f~(B)) C U. Hence f~!(B) is sc-y-g.closed in (X, 7). O

Theorem 6.6. Let f: (X,7) — (Y, 0) be an injective, sc-(y, )-continuous
and sc-(id, §)-closed function. If (Y, o) is SC—,B—T%, then (X, T) is sc—'y—T%.
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Proof. Let U be any sc-vy-g.closed set of (X, 7). By Theorem 6.5 (1), f(U) is
sc-f-g.closed in (Y, o) as f is sc-(7, §)-continuous and sc-(id, §)-closed. Since
(Y,0) is sc-B-T1, then f(U) is sc-f-closed in Y. Again, since f is sc-(v, 3)-

2
continuous, by Theorem 6.2 (2), f~1(f(U)) is sc-y-closed in X. Then U is
sc-y-closed in X because f is injective. Therefore, (X, 7) is sc-y-T. O
2

Theorem 6.7. Let f: (X,7) — (Y, 0) be a surjective, sc-(y, B)-continuous
and sc-(id, §)-closed function. If (X,7) is sc-y-T, then (Y, o) is sc-B-Th .
2 2

Proof. Let V be an sc--g.closed set of (Y, o). By Theorem 6.5 (2), f~1(V)
is sc-y-g.closed in (X, 7) because f is sc-(7, §)-continuous and sc-(id, 3)-closed.
Since (X, 7) is sc=y-T1, then, f~1(V) is sc-y-closed set in X. Again, since f

2
is sc-(id, B)-closed, then f(f~1(V)) is sc-B-closed in Y. Therefore, V is sc-3-
closed in Y as f is surjective. Thus (Y, 0) is sc-5-T. O
2

Theorem 6.8. If a function f: (X,7) — (Y,0) is injective sc-(7, 3)-
continuous and the space (Y, o) is sc-f-T5, then the space (X, T) is sc-y-T5.

Proof. Let x1 and x5 be any two distinct points of (X, 7). Since f is an
injective function and (Y, 0) is sc-8-T5, then there exist two sc-open sets Uj
and Us in Y such that f(z1) € Ui, f(z2) € Uz and S(Ur) N B(Uz) = ¢. Since
f is sc-(7y, B)-continuous, there exist sc-open sets V; and V2 in X such that
x1 € Vi, mg € Vo, f(v(V1)) C B(Ur) and f(v(V2)) € B(Uz). Therefore S(U;) N
B(Usz) = ¢. Hence (X, 1) is sc-y-Tb. O

Theorem 6.9. If a function f: (X,7) — (Y,0) is injective sc-(7y,3)-
continuous and the space (Y, o) is sc-B-T;, then (X, 1) is sc-y-T; for i € {0,1}.

Proof. Similar to Theorem 6.8. O

Definition 6.10. A function f: (X,7) — (Y,0) is said to be sc-(v, 3)-
homeomorphism if f is bijective, sc-(7,3)-continuous and f~! is sc-(8,7)-
continuous.

Theorem 6.11. Assume that f: (X,7) — (Y,0) is an sc-(~, §)- homeo-
morphism function. If (X, 7) is sc-y-T, then (Y, o) is sc-3-T1 .
2 2

Proof. Let {y} be a singleton set of (Y, o). Then there exists an element x
of X such that y = f(z). By hypothesis and Theorem 5.5, {z} is sc-y-closed
or sc-y-open set in X. By Theorem 6.2, {y} is sc--closed or sc--open set.
Therefore, by Theorem 5.5, (Y, 0) is sc—ﬁ—T%. O
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7. Functions with sc-3-Closed Graphs

For a function f: (X,7) — (Y, 0), the subset {(z, f(x)) : © € X} of the product
space (X x Y, 7 x o) is called the graph of f, and is denoted by G(f) [2]. In this
section, we further investigate general operator approaches of closed graphs of
functions. Let p: (7 X 0)y = P(X x Y') be an operation on (7 X o).

Definition 7.1. The graph G(f) of f: (X,7) — (Y,0) is called sc-3-
closed if for each (z,y) € (X x Y)\G(f), there exist sc-open sets U C X and
V C Y containing x and y, respectively, such that (U x 8(V)) N G(f) = ¢.

The proof of the following lemma follows directly from the above definition.

Lemma 7.2. A function f: (X,7) — (Y,0) has an sc-f3-closed graph if
and only if for every (x,y) € (X xY)\G(f), there exist U € SCO(X) containing
x and V € SCO(Y) containing y such that f(U) N (V) = ¢.

Definition 7.3. An operation p: (7 X 0), = P(X x Y) is said to be sc-
associated with v and 3 if p(U x V') = 4(U) x (V') holds for every U € SCO(X)
and V € SCO(Y).

Definition 7.4. The operation p: (7 x 0)y = P(X x Y) is said to be
sc-regular with respect to v and S if for each (z,y) € X x Y and each sc-open
set W containing (x,y), there exist sc-open sets U in X and V in Y such that

xeU,yeVand y(U) x (V) C p(W).

Theorem 7.5. Let p: (1 x71)y = P(X x X) be an sc-associated operation
with v and ~. If f: (X,7) — (Y,0) is an sc-(v, 8)-continuous function and
(Y,0) is an sc--T5 space, then the set A ={(z,y) € X x X : f(z) = f(y)} is
se-p-closed of (X x X, T X T).

Proof. We want to prove that sc-Cl,(A) C A. Let (z,y) € (X x X)\A.
Since (Y,0) is sc-f-T», then there exist two sc-open sets U and V in (Y, 0)
such that f(z) € U, f(y) € V and B(U) N (V) = ¢. Moreover, for U and
V' there exist sc-open sets R and S in (X,7) such that x € R, y € S and
f(y(R)) € B(U) and f(~(S)) C B(V) as f is sc-(7, f)-continuous. Therefore
we have (z,y) € y(R) x y(S) = p(R x S) N A = ¢ because R x S € (T x 7).
This shows that (z,y) ¢ sc-Cl,(A). O

Corollary 7.6. Supposep: (7x7)y = P(X xX) is sc-associated operation
with v and v, and it is sc-regular with vy and . A space (X, 1) is sc-y-T if and
only if the diagonal set A\ = {(x,x) : x € X} is sc-p-closed of (X x X, T x T).
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Theorem 7.7. Let p: (T x0)y = P(X xY') be an sc-associated operation
with v and B. If f: (X,7) — (Y,0) is sc-(~, f)-continuous and (Y, o) is sc-f3-
Ty, then the graph of f, G(f) = {(z, f(z)) € X x Y} is an sc-p-closed set of
(X XY, 7 x0).

Proof. Similar to Theorem 7.5. O

Definition 7.8. Let (X, 7) be a topological space and let 7 be an operation
on SCO(X). A subset S of X is said to be sc-y-compact if for every sc-open
cover {U;,7 € N} of S, there exists a finite subfamily {Uy, Us, ..., U, } such that
S CAU)Ur(U2) U... Uy(Un).

Theorem 7.9. Suppose that v is sc-regular and p: (T X 0)g = P(X xY)
is sc-regular with respect to v and 5. Let f: (X,7) — (Y,0) be a function
whose graph G(f) is sc-p-closed in (X xY, 7 x o). If a subset S is sc-f-compact
in (Y,0), then f=1(S) is sc-y-closed in (X, ).

Proof. Suppose that f~1(S) is not sc-y-closed, then there exist a point
z such that x € sc-Cl,(f~1(9)) and = ¢ f~1(S). Since (z,s) & G(f) for
each s € S and sc-Cl,(G(f)) € G(f), there exists an sc-open set W of (X x
Y, x o) such that (z,s) € W and S(W) N G(f) = ¢. By scregularity of
p, for each s € S we can take two sc-open sets U(s) and V(s) in (Y, 0) such
that © € U(s), s € V(s) and v(U(s)) x B(V(s)) € p(W). Then we have
f(y(U(s))) N B(V(s)) = ¢. Since {V(s) : s € S} is sc-open cover of S, then
by sc-y-compactness there exists a finite number sq, s9,..., s, € S such that
S CB(V(s1)UB(V(s2))U...UB(V(sp)). By the sc-regularity of -, there exist
an sc-open set U such that x € U, y(U) C v(U(s1)) Ny(U(s2)) N...Ny(U(sp))-
So, we have v(U) N f=1(S) C U(s;) N f~HB(V(s;))) = ¢. This shows that
z & sc-Cly(f~1(S)). This is a contradiction. Thus, f~1(S) is sc-y-closed. O

Theorem 7.10. Suppose that the following condition hold:
1. v: SCO(X) — P(X) is sc-open
2. B: SCO(Y) — P(Y) is sc-regular, and

3. p: (1 x0)g = P(X xY) is associated with v and 3, and p is sc-regular
with respect to v and [5.

Let f: (X,7) = (Y,0) be a function whose graph G(f) is sc-p-closed in (X x
Y, x o). If every cover of A by sc-y-open sets of (X, T) has finite sub cover,
then f(A) is sc-B-closed in (Y, o).

Proof. Similar to Theorem 7.9. O
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