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Abstract: This paper is focused on hybrid linear systems subject to periodic state jumps.

The measurable disturbance decoupling problem investigated is a synthesis problem with a

twofold objective: rendering the system output insensitive to a disturbance accessible for

measurement and, at the same time, achieving global asymptotic stability of the compensated

hybrid linear dynamics for the jump time sequence with the given period. In order to best

exploit the real-time knowledge of the disturbance, a feedforward compensation scheme is

adopted, under the assumption that the plant is prestabilized by a suitable feedback. Hence,

a necessary and sufficient solvability condition is proven. Such condition is constructive: i.e.,

the proof outlines the procedure for deriving a hybrid linear feedforward compensator that

satisfies the stated requirements.
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1. Introduction

In recent years, hybrid systems have been extensively studied and exploited
in several fields of engineering science to solve analysis and synthesis problems
involving complex systems [1, 2, 3, 4]. Hybrid systems feature a characteris-
tic behavior where the continuous-time state evolution is interrupted by state
discontinuities. The continuous-time dynamics is referred to as the flow dy-

namics, while the state discontinuities are ruled by the jump dynamics. De-
pending on the peculiarities of the systems considered, the time instants when
the jumps occur may be either uniformly spaced in time, periodic jumps, or
unequally spaced in time, unpredictable jumps. Among the control and ob-
servation problems investigated in the context of hybrid systems during the
last decade, one may mention state estimation [5], system stabilization [6, 7],
linear quadratic control [8], unknown-input state observation [9], disturbance
decoupling [10, 11, 12, 13], output regulation [14, 15, 16, 17, 18, 19, 20, 21], and
model matching [22].

The problem of disturbance decoupling tout court refers to inaccessible dis-
turbances: i.e., the goal consists in rendering the system output insensitive to
inputs which are neither measurable nor a-priori known. This problem was orig-
inally introduced for linear time-invariant systems in the late sixties [23, 24].
Later, it has been extended to other classes of dynamical systems such as,
e.g., nonlinear systems [25, 26], time-delay systems [27, 28], and systems over
rings [29]. Lately, it has been investigated for hybrid linear systems, either
with periodic or with nonuniformly spaced state jumps, in [10, 11, 12] and also
for hybrid nonlinear systems in [13]. However, in some cases, the disturbance
affecting the plant may be measurable or even known in advance, which mo-
tivates the contribution of this work. It is worth mentioning that problems
involving measurable or previewed signals have been widely discussed in linear
time-invariant systems [30, 31, 32, 33].

As is well known, the only viable means to compensate inaccessible distur-
bances is feedback. Instead, when the disturbance is measurable, the better
way to exploit the available information is resorting to feedforward or, more
generally, to two-degree-of-freedom compensation if other requirements are si-
multaneously expressed. Consequently, while the cited works [10, 11, 12] on
disturbance decoupling in hybrid linear systems illustrate state-feedback solu-
tions, this work proposes a solution based on feedforward, provided that the
given hybrid linear system is suitably prestabilized by feedback.

Concerning the methodology underpinning this work, it is grounded on the
notions of hybrid invariance and hybrid controlled invariance, which have al-
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ready proven their effectiveness in solving other control problems stated for
hybrid linear systems, such as the mentioned decoupling of inaccessible distur-
bances [10, 11, 12], output regulation [14, 15, 16, 17, 18, 19, 20], and model
matching [22]. In this regard, it is worth adding that analogous structural
notions have been successfully employed to disentangle similar problems for
switching linear systems. Indeed, switching linear systems are also regarded as
hybrid systems, because, like hybrid systems with state jumps, they are gov-
erned by functional relations other than pure differential equations. In partic-
ular, suitably defined structural notions of invariance and controlled invariance
have been applied in [34, 35, 36, 37, 38] to deal with disturbance decoupling, in
[39, 40] to handle output regulation, in [41, 42, 43] to master model matching,
and in [44] to tackle unknown-input state observation. Moreover, a thorough
account on the use of structural methods in the study of switching systems is
presented in [45].

The paper is organized as follows. Section II states the problem. Sec-
tion III introduces useful structural and stability notions. Section IV shows a
necessary and sufficient condition for problem solvability. Section V draws the
conclusions.

Notation: The sets of nonnegative integers, positive integers, nonnegative
reals and positive reals are denoted by Z

+
0 , Z

+, R+
0 and R

+, respectively. Matri-
ces and linear maps are denoted by slanted capital letters, like A. Sets, vector
spaces, and subspaces are denoted by calligraphic capital letters, like X . The
restriction of a linear map A to an A-invariant subspace V is denoted by A|V .
The image and the kernel of A are denoted by ImA and KerA, respectively.
The transpose of A is denoted by A⊤. The notation T−1 stands for the inverse
of the nonsingular square matrix T . The symbol 0 stands for a zero matrix
of appropriate (inferable from the context) dimensions. The notation [t0 t1),
with t0, t1 ∈R

+
0 , stands for the right-open interval of nonnegative real numbers,

delimited by t0 and t1.

2. Problem Statement

This section introduces the problem of measurable disturbance decoupling, with
global asymptotic stability of the overall hybrid linear dynamics for the jump
time sequence with given period. The hybrid linear system Σ is defined by

Σ≡







ẋ(t) = Ax(t) +B u(t) +H h(t), t∈ [kτ (k + 1)τ), k∈Z
+
0 ,

x(t) = J x(t−), t= kτ, k ∈Z
+,

y(t) = C x(t), t∈R
+
0 ,
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where t∈R
+
0 is the time variable, τ ∈R

+ is the period, x∈X =R
n is the state,

u∈U =R
p is the control input, h∈R

m is the measurable disturbance input,
and y ∈R

q is the output, with p,m, q≤n. A, B, H, J , C are constant real
matrices and B, H, C are full-rank. The sets of the admissible input functions
u(t) and h(t), with t∈R

+
0 , are defined as the sets of all piecewise-continuous

functions with values in R
p and R

m, respectively. The flow dynamics is governed
by the differential state equation, while the jump dynamics is ruled by the
algebraic state equation. Hence, the arc of the state trajectory x(t) in the
time interval [0 τ) is the solution of the differential equation with the initial
condition x(0)= x0 and the input functions u(t) and h(t) given in [0 τ). The
symbol x(t−) stands for limε→0+ x(t− ε). Thus, the state x(kτ), with k∈Z

+,
is the image of x(kτ−) by J . Moreover, the arc of the state trajectory x(t) in
any time interval [kτ (k + 1)τ), with k∈Z

+, is the solution of the differential
equation with the initial condition x(kτ) and the input functions u(t) and h(t)
given in [kτ (k + 1)τ). The hybrid linear compensator ΣC is defined by

ΣC ≡







ẋC(t) = AC xC(t) +BC h(t), t∈ [kτ (k + 1)τ), k ∈Z
+
0 ,

xC(t) = JC xC(t
−), t= kτ, k∈Z

+,

u(t) = CC xC(t) +DC h(t), t∈R
+
0 ,

where xC ∈XC =R
nC is the state and AC , BC , JC , CC , DC are real matrices.

To state the measurable disturbance decoupling problem, the overall hybrid
linear system ΣO is defined as the feedforward connection of ΣC and Σ. Let

xO(t)=
[

x(t)⊤ xC(t)
⊤
]⊤

, so that

ΣO ≡







ẋO(t) = AO xO(t) +HO h(t), t∈ [kτ (k + 1)τ), k ∈Z
+
0 ,

xO(t) = JO xO(t
−), t= kτ, k∈Z

+,

y(t) = CO xO(t), t∈R
+
0 ,

where

AO =

[

A BCC

0 AC

]

, HO =

[

BDC +H

BC

]

, JO =

[

J 0
0 JC

]

, CO =
[

C 0
]

.

(1)
Hence, the problem of measurable disturbance decoupling with global asymp-
totic stability of the overall dynamics for the jump time sequence with the given
period can be stated as follows.

Problem 1. Let the hybrid linear system Σ and the period τ be given.
Find a feedforward hybrid linear compensator ΣC such that the overall hybrid
linear system ΣO satisfies:
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R 1. the output y(t) is equal to zero for all t∈R
+
0 , with zero initial state, for

all the admissible h(t), with t∈R
+
0 ,

R 2. the hybrid linear dynamics is globally asymptotically stable for the jump
time sequence with period τ .

3. Structural and Stability Notions

This section presents some concepts about structure and stability of hybrid lin-
ear systems with periodic state jumps. The following short notations are used:
B for ImB, H for ImH, and C for KerC. In particular, the structural notions
of hybrid invariance and hybrid controlled invariance, henceforth denoted by
the symbol H , play a key role in solvability of Problem 1. These notions were
first introduced in [14]. However, the hybrid linear systems considered therein,
compared to those considered in this work, exhibit some technical differences
which inevitably affect the formal definitions. Hence, for the sake of simplicity,
hybrid invariance and hybrid controlled invariance are defined herein in the
same fashion as [12], where the hybrid linear systems addressed have exactly
the same characteristics as those handled herein. The latter work will also serve
as reference for the proofs of some properties which are just reviewed.

Definition 1. A subspace V ⊆X is said to be an H -invariant subspace
of the hybrid linear system Σ if AV ⊆V and J V ⊆V.

Property 1. A subspace V ⊆X , with a basis matrix V , is an H -invariant
subspace of Σ if and only if there exist matricesXA andXJ such that AV =V XA

and J V =V XJ .

Definition 2. A subspace V ⊆X is said to be an H -controlled invariant
subspace of Σ if AV ⊆V +B and J V ⊆V.

Property 2. A subspace V ⊆X , with a basis matrix V , is an H -controlled
invariant subspace of Σ if and only if there exist matrices XA, XJ , and U such
that AV =V XA+B U and J V =V XJ .

Property 3. A subspace V ⊆X is an H -controlled invariant subspace of
Σ if and only if there exists a linear map F :X →U such that (A+B F )V ⊆V
and J V ⊆V. Any such F is called a friend of V.

The inner hybrid dynamics of an H -controlled invariant subspace V of Σ
for a given friend F can be introduced through the equivalence between H -
controlled invariance and H -invariance by flow state feedback established in
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Property 3.

Definition 3. Let V be an H -controlled invariant subspace of Σ and let
F be a friend of V. Consider the hybrid linear system ΣF defined by

ΣF ≡







ẋ(t) = (A+BF )x(t) +H h(t), t∈ [kτ (k + 1)τ), k∈Z
+
0 ,

x(t) = J x(t−), t= kτ, k∈Z
+,

y(t) = C x(t), t∈R
+
0 .

The restriction of the hybrid linear dynamics of ΣF to V is said to be the inner
hybrid dynamics of V for the given friend F . Such dynamics is denoted by
ΣF |V .

Note that Definition 3 is well posed since V is an H -invariant subspace
for the hybrid linear system ΣF by virtue of Property 3 and Definition 1. The
following remark points out how suitably chosen coordinates enable a straight-
forward representation of the inner hybrid dynamics of V for a given friend
F .

Remark 1. Let V be an H -controlled invariant subspace of Σ and let V
be a basis matrix of V. Let the linear map F be a friend of V. Consider the
hybrid linear system ΣF and perform the state-space basis transformation

T =
[

V T2

]

, (2)

where T2 is any matrix such that T is invertible. Hence, the flow and jump
dynamic matrices of ΣF , with respect to the new coordinates, respectively are

A′ +B′ F ′ = T−1 (A+B F )T =

[

A′
11 +B′

1 F
′
1 A′

12 +B′
1 F

′
2

0 A′
22 +B′

2 F
′
2

]

(3)

J ′ = T−1 J T =

[

J ′
11 J ′

12

0 J ′
22

]

. (4)

In light of (3) and (4), the compensated flow dynamics and the jump dynamics
restricted to V are described by A′

11 +B′
1 F

′
1 and J ′

11, respectively.

The crucial stability notion for solvability of Problem 1 is that of inner
global asymptotic stabilizability of an H -controlled invariant subspace for a
jump time sequence with a given period.

Definition 4. An H -controlled invariant subspace V of Σ is said to be
inner globally asymptotically stabilizable for the jump time sequence with the
given period τ if there exists a friend F of V such that the inner hybrid dynamics
of V for the given F is globally asymptotically stable for the jump time sequence
with period τ .
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As to global asymptotic stability of a hybrid linear dynamics subject to
periodic state jumps, it is worth reviewing that, given the flow matrix A, the
jump matrix J and the period τ , the corresponding hybrid linear dynamics
is globally asymptotically stable if the state transition matrix between two
consecutive jump time instants — i.e., the matrix JeAτ — is Schur stable (i.e.,
all its eigenvalues are inside the open unit disc of the complex plane). It is also
worth mentioning that, in the presence of a flow control input u, with input
distribution matrix B, if the pair (A,B) is reachable, than there exists a flow
state feedback K :X →U such that the compensated hybrid linear dynamics is
globally asymptotically stable for the jump time sequence with the given period
τ or, equivalently, Je(A+BK)τ is Schur stable [17, Proposition 6]. It is also worth
mentioning that the proof provided for the quoted statement is constructive, in
the sense that it outlines a procedure for computing the stabilizing flow state
feedback K.

4. A Necessary and Sufficient Condition for Problem Solvability

In this section, a necessary and sufficient condition for the existence of a so-
lution to Problem 1 is shown under the assumption that the flow dynamics of
the hybrid linear system Σ is reachable. On this assumption, there is no loss of
generality in considering the hybrid linear dynamics of Σ globally asymptoti-
cally stable for the jump time sequence with the given period τ . Indeed, if this
is not the case, a stabilizing flow state feedback K can be found according to
the mentioned [17, Proposition 6] and the hybrid linear dynamics of Σ can be
redefined consequently.

While the stability aspect of the solvability condition is treated in the con-
text specified above, the structural aspect requires some more considerations.
Let V be an H -controlled invariant subspace of Σ such that H⊆B+V. Then,
as can be shown by mere algebraic arguments, there is a unique way to express
H as a sum of subspaces of the kind H=HB +HL, where HB ⊆B and HL⊆L,
with L denoting a subspace such that (B ∩V)+L=V and B ∩L= {0}. The
following remark expresses such decomposition of H in a coordinate-dependent
form, with reference to the same coordinates introduced in Remark 1.

Remark 2. Let V be an H -controlled invariant subspace of Σ such that
H⊆B+V. Let L be a basis matrix of the subspace L such that (B ∩V)+L=V
and B ∩L= {0}. Refer to the state-space basis transformation T introduced
in Remark 1 and let H ′ =T−1H, B′=T−1B and L′=T−1L. There exists a
unique couple of matrices, M and N , of appropriate dimensions, such that
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H ′=B′M +L′N or, equivalently,

[

H ′
1

H ′
2

]

=

[

B′
1

B′
2

]

M +

[

L′
1

0

]

N, (5)

where H ′, B′ and L′ appear partitioned consistently with T in (2).

Hence, the necessary and sufficient solvability condition can be stated as
follows.

Theorem 1. Let the hybrid linear system Σ and the period τ be given.

Let Σ be globally asymptotically stable for the jump time sequence with period

τ . Problem 1 is solvable if and only if there exists an H -controlled invariant

subspace V ⊆C such that

C 1. H⊆B+V;

C 2. V is inner globally asymptotically stabilizable for the jump time sequence

with period τ .

Proof. If. Let Conditions C 1 and C 2 hold. It will be shown that Require-
ments R 1 and R 2 of Problem 1 are satisfied through a feedforward hybrid
linear compensator ΣC suitably designed. To this aim, let the linear map F be
a friend of V such that the inner hybrid dynamics of V is globally asymptotically
stable for the jump time sequence with period τ . Hence, note that (3)–(5) hold
with respect to the coordinates introduced in Remark 1. Let ΣC be defined by

A′
C = A′

11 +B′
1 F

′
1, B′

C = L′
1 N, J ′

C = J ′
11, C ′

C = F ′
1, D′

C = −M, (6)

with respect to the same coordinates. Consequently, with respect to the coor-
dinates introduced in Remark 1 and taking (6) into account, the overall hybrid
linear system ΣO, whose matrices were originally described by (1), turns out
to be described by (7), with the obvious meaning of the symbols ξ1, ξ2, and
ξC used for the state variables. Note that, in (7), the information on the ma-
trix blocks which are equal to zero owing to the invariance properties of V and
owing to V being contained in C has also been considered. Then, by defining
ǫ(t)= ξ1(t)− ξC(t), with t∈R

+
0 , one gets (8). In order to show that Require-

ment R 1 is satisfied, note that the zero-initial-state assumption implies ǫ(t)= 0
and ξ2(t)= 0, for all t∈R

+
0 . In turn, this implies y(t)= 0, for all t∈R

+
0 , for all

the admissible input functions h(t), with t∈R
+
0 . Since this reasoning does not

depend on the jump time sequence, structural decoupling is achieved for the
jump time sequence with period τ , in particular. As to Requirement R 2, note
that the flow and the jump matrices of ΣO shown in (7) (or, equivalently, those
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ΣO ≡



















































ξ̇1(t) = A′
11 ξ1(t) +A′

12 ξ2(t) +B′
1 F

′
1 ξC(t) + L′

1N h(t),
t∈ [kτ (k + 1)τ), k∈Z

+
0 ,

ξ̇2(t) = A′
21 ξ1(t) +A′

22 ξ2(t) +B′
2 F

′
1 ξC(t), t∈ [kτ (k + 1)τ), k∈Z

+
0 ,

ξ̇C(t) = (A′
11 +B′

1 F
′
1) ξC(t) + L′

1 N h(t), t∈ [kτ (k + 1)τ), k∈Z
+
0 ,

ξ1(t) = J ′
11 ξ1(t

−) + J ′
12 ξ2(t

−), t= kτ, k ∈Z
+,

ξ2(t) = J ′
22 ξ2(t

−), t= kτ, k ∈Z
+,

ξC(t) = J ′
11 ξC(t

−), t= kτ, k ∈Z
+,

y(t) = C ′
2 ξ2(t), t∈R

+
0 .

(7)

ΣO ≡







































ǫ̇(t) = A′
11 ǫ(t) +A′

12 ξ2(t), t∈ [kτ (k + 1)τ), k ∈Z
+
0 ,

ξ̇2(t) = A′
21 ǫ(t) +A′

22 ξ2(t), t∈ [kτ (k + 1)τ), k ∈Z
+
0 ,

ξ̇C(t) = (A′
11 +B′

1 F
′
1) ξC(t) + L′

1N h(t), t∈ [kτ (k + 1)τ), k ∈Z
+
0 ,

ǫ(t) = J ′
11 ǫ(t

−) + J ′
12 ξ2(t

−), t= kτ, k∈Z
+,

ξ2(t) = J ′
22 ξ2(t

−), t= kτ, k∈Z
+,

ξC(t) = J ′
11 ξC(t

−), t= kτ, k∈Z
+,

y(t) = C ′
2 ξ2(t), t∈R

+
0 .

(8)

shown in (8)) have an upper block-triangular structure. The upper-left blocks
match those of the hybrid linear dynamics of Σ, which is globally asymptoti-
cally stable for the jump time sequence with period τ by assumption. Instead,
the lower-right blocks match those of the inner hybrid dynamics of V, which
is globally asymptotically stable for the jump time sequence with period τ by
the special choice of the friend F . Hence, the hybrid dynamics of ΣO is glob-
ally asymptotically stable for the jump time sequence with period τ because it
results from the cascade connection of the former two.

Only if. Let Problem 1 have a solution. Then, there exists a feedforward
hybrid linear compensator ΣC such that the overall hybrid linear system ΣO sat-
isfies Requirements R 1 and R 2. Since Requirement R 1 is met, there exists an
H -invariant subspace VO of ΣO such that HO ⊆VO ⊆CO, where HO =ImHO

and CO =KerCO. Moreover, since Requirement R 2 is satisfied, the assumption
that Σ is globally asymptotically stable for the jump time sequence with period
τ and the upper block-triangular structure of the flow and the jump matrices of
ΣO shown in (1) imply that the hybrid dynamics of ΣC is also globally asymp-
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totically stable for the jump time sequence with period τ . In order to show the
existence of an H -controlled invariant subspace V ⊆C of Σ satisfying Condi-

tions C 1 and C 2, consider, for the subspace VO, a basis matrix VO =
[

V ⊤
1 V ⊤

2

]⊤
,

partitioned according to (1). H -invariance of VO is equivalent to the existence
of matrices XA and XJ such that

[

A B CC

0 AC

] [

V1

V2

]

=

[

V1

V2

]

XA, (9)

[

J 0
0 JC

] [

V1

V2

]

=

[

V1

V2

]

XJ . (10)

From the first blocks of rows of (9) and (10), one gets AV1 =V1XA −BCC V2

and J V1 =V1XJ , which are equivalent to say that the subspace V =ImV1 is an
H -controlled invariant subspace of Σ. The inclusion VO ⊆CO is equivalent to

[C 0 ]
[

V ⊤
1 V ⊤

2

]⊤
=C V1 =0, which, in turn, is equivalent to V ⊆C. Moreover,

the inclusion HO ⊆VO is equivalent to the existence of a matrix N such that
[

BDC +H

BC

]

=

[

V1

V2

]

N. (11)

By considering the first block of rows of (11), one gets H =V1 N −BDC , which
is equivalent to the inclusion H⊆B+V (Condition C 1). As to Condition C 2,
note that (9) and (10) show that there exists a friend F of V such that the
inner hybrid dynamics of V for such F matches that of the restriction of the
hybrid dynamics of ΣC to an H -invariant subspace of ΣC given by VC =ImV2

(it suffices to take the linear map F in such a way that F V1 =CC V2). Such
restriction is globally asymptotically stable for the jump time sequence with
period τ , since, as previously noticed, the hybrid dynamics of ΣC is globally
asymptotically stable for the same jump time sequence.

5. Conclusions

This work has investigated the problem of measurable disturbance decoupling
in hybrid linear systems with periodic state jumps. The compensation scheme
is based on a feedforward hybrid linear compensator subject to the same jump
time sequence of the given system. The insensitivity of the output to the mea-
surable disturbance input is required along with the global asymptotic stability
of the overall hybrid system for the jump time sequence with the given pe-
riod. In this context and under the assumption that the flow dynamics of the
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given hybrid system is reachable, a necessary and sufficient solvability condi-
tion has been proven. Further investigation will aim at devising an algorithmic
procedure for computing the resolving subspace considered in the solvability
condition.
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