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Abstract: In this paper we study some interesting properties of regular ternary I'-semigroups,
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1. Introduction

In [10], Vasile introduced and studied the notion of regular ternary rings. T.K.
Dutta, S. Kar and B.K. Maity. In [2 3], Dutta and Kar introduced and studied
the notion of regular ternary semirings. Recently, a number of mathematicians
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have worked on ternary structures, see [1, 6] and references there in. In [11,
12] M. Vasantha, D. Madhusudhana Rao and M. Venkateswara Rao introduced
the concept of ternary I'-semigroup and made a study of some special element
in ternary I'-semigroup and ternary I'-ideals in ternary I'-semigroups and char-
acterised ternary I'-ideals. In [13] M. Vasantha and D. Madhusudhana Rao
discussed about prime I'-radicals in ternary I'-semigroups.

2. Preliminaries

Definition 2.1. (see [11]) Let 7" and I" be two non-empty set. Then T is
said to be Ternary I'-semigroup if there exist a mapping from T'x v x T'x I' x T’
to T which maps (z1, a, x2, B, x3) — [x1x9 23] satisfying the condition

[[z10x2fxs| yradas] = [vra [wefasyaa] 5] = [x102f [w37T4075]],

Ve, eT,1<i<5and a,3,7v,0 €T

Note 2.2. (see [11]) For the convenience, we write xjaxsSzrs instead of
[x10ofxs).

Note 2.3. (see [11]) Let T be a ternary I'-semigroup. If A, B and C are
three subsets of T, we shall denote the set

AT'BTC = {aabfc:a € Ajbe B,ce C,a,B €T}.

Definition 2.4. (see [11]) An element a of a ternary I'-semigroup 7' is said
to be an identity provided aaafSt = taafa = aatfa =t VvVt €T, a, 5 € 7.

Definition 2.5. (see [11]) A ternary I'-semigroup 7 is said to be commu-
tative provided al'bl'c = bI'cl'a = cl'al'b = bl'al’al'c = cI'bl'a = al'cl'b for all
a,b,ceT.

Note 2.6. (see [11]) Let T be a ternary I'-semigroup and a,b € 7" Then
aaaab is denoted by (aa)?b and consequently acacaa.. (nterms)b is denoted
by (ac)™b.

Definition 2.7. A ternary I'-semigroup T is said to be:

(1) strongly left I'-cancellative (SLC) if al'tI'z = aI'bl'y = = = y for all
a,b,r,yeT.

(7i) strongly right I'-cancellative (SRC) if zI'al'b = yI'al'b = x = y for all
a,b,r,yeT.
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(1i1) strongly lateral I'-cancellative (SMC) if al'aI'b = aI'yI'b = = = y for
all a,b,x,y €T.

(1v) strongly I'-cancellative (SC) if it is strongly left I'-Cancellative, strongly
right I'-Cancellative and strongly lateral I'-cancellative.

Definition 2.8. (see [11]) An element a of a ternary I'-semigroup T is said
to be an a-idempotent element provided acaca = a.

Note 2.9. The set of all idempotent elements in a ternary I'-semigroup T
is denoted by E, (T).

Example 2.10. Every identity, zero elements are a-idempotent elements.

Definition 2.1. (see [11] An element a of a ternary I'-semigroup T is said
to be an (a, B)-idempotent element provided a o a f a = a for all o, €T

Note 2.12. (see [11]) If an element a of a ternary I'- semigroup T is an
idempotent, al'al'a = a.
In the following we introduce proper idempotent element ternary I'-semigroup.

Definition 2.13. (see [11]) An element a of a ternary I'-semigroup T is
said to be a proper idempotent element provided a is an idempotent which is
not the identity of T if identity exists.

Definition 2.14. (see [11]) A ternary I'-semigroup T is said to be an
idempotent ternary I'-semigroup provided every element of S is aidempotent
for some o € T'.

Definition 2.15. (see [11]) A ternary I'-semigroup 7' is said to be a strongly
idempotent ternary I'-semigroup or ternary I'-band provided every element in
T is an « idempotent for some o € T'.

Definition 2.16. A pair (a,b) of elements in a ternary I'-semigroup 7T is
said to be an idempotent pair if al'bI" (al'0I'z) = al'bl'z and (2l'al'b) Tal'b =
xzl'al'b for all x € T'.

Definition 2.17. Two idempotent pairs (a,b) and (c,d) of a ternary I'-
semigroup T are said to be equivalent, in notation we write (a,b) ~ (¢,d), if
aabfxr = cadfr and zaafb = racfd for all x € T and for all a, 5 € T'.

Note 2.18. Two idempotent pairs (a, b) and (¢, d) of a ternary I'-semigroup
T are equivalent, in notation we write (a,b) ~ (¢,d), iff al'tl'z = cI'dl'z and
xlal'b = zlcl'd for all x € T

Definition 2.19. (see [11]) A left ternary I'-ideal A of a ternary I'-
semigroup 7' is said to be the principal left (lateral, right) ternary I'-ideal
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generated by a if A is a left(lateral, right) ternary I'-ideal generated by {a} for
some a € T. It is denoted by L(a) [M (a),R(a)] or < a > (< a >p, < a >,).

3. Regular Ternary I'-Semigroups

In the following we are introducing regular element and regular ternary I'-
semigroup.

Definition 3.1. (see [11]) An element a of a ternary I'-semigroup T is said
to be regular if there exist x,y € T and «, 3,7, 6 € I' such that aazBayyda = a.

Subsequently, modified the definition of regular ternary I'-semigroup as fol-
lows:

Definition 3.2. An element a in a ternary I™-semigroup 7 is called regular
if there exists an element x € T" and «, 8 € I such that acxfBa = a.

Definition 3.3. (see [11]) A ternary I'-semigroup T is said to be regular
ternary I'-semigroup provided every element is regular.

Clearly, we see that the above definition of regular ternary I'-semigroup is
equivalent to the definition of regular ternary I'-semigroup.

Example 3.4. (see [11]) Let T = {0,a,b} and I' be any nonempty set. If
we define a binary operation on T as the following Cayley table, then T is a
ternary I'-semigroup.

[en) Nenll Han) New)
ol | o|lT

Tl | O *
T | Ol

Define a mapping from T'x I' x T'x I' x T to T as aabfc = abc for all
a,b,c €T and o, B € I'. Then T is regular ternary I'-semigroup.

Theorem 3.5. (see [11]) Every a-idempotent element in a ternary I'-
semigroup is regular.

Theorem 3.6. If a ternary I'-semigroup T is a regular ternary I'-semigroup
then every principal ternary I'-ideal is generated by a a-idempotent for some
acl.

In the following we are introducing the notion of left regular, lateral regular
right regular, intra regular and completely regular elements of a ternary I'-
semigroup and completely regular ternary I'-semigroup.
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Definition 3.7. An element a of a ternary I'-semigroup 7T is said to be left
regular if there exist x € T" and «, 8 € I such that a = acafzx. ie, a € al'al'T.

Definition 3.8. An element a of a ternary I'-semigroup 7" is said to be
right regular if there exist x € T and «,f € I such that a = zaafa. i.e.,
a € TTala.

Definition 3.9. An element a of a ternary I'-semigroup 7' is said to be
completely regular if there exist x € T and «, 8 € I' such that a = aaxfa and
the idempotent pair (a, ), (z,a) are equivalent.

Definition 3.10. (see [11]) An element a of a ternary I'-semigroup 7' is
said to be intra regular if there exist x,y € T and «,3,v,6 € I' such that
a = raafayady.

Theorem 3.11. (see [11]) Let T be a ternary I'-semigroup and a € T'. If a
is a completely regular element, then a is regular, left regular and right regular.

In the following we are introducing the notion of mid unit of a ternary
I'-semigroup.

Definition 3.12. An element a of a ternary I'-semigroup 1" is said to be a
mid-unit provided xl'al'yl'al’'z = 2T'yl'z for all x,y,z € T

Definition 3.13. Let T be a ternary I'-semigroup, a € T"and «, 5 € I'. An
element b € T is said to be an (a, §)-inverse of a if a = aabfa and b = baafb.

Theorem 3.14. Let T be a ternary I'-semigroup and a € 1. Then a is a
regular element if and only if a has an («, 5)-inverse.

Theorem 3.15. Let T be a ternary I' -semigroup and a € T'. Then a is a
regular element if and only if a has an (a, §)-inverse.

Proof. Suppose that a is a regular element. Then a = aabfa for some b € S
and o, B € I'. Let x = baafb € S. Now

aczxfa = aa (bfaab) fa = (aabfa) abfa = aabfa = a

and

zPacx = (bfaab)Bac(bfacd) = bB(aabfa)a(bfaad)
= Baa(bfaad) = bp(aabfa)ab = bBaab = x.
Therefore, © = bfaab is the (o, B)-inverse of a.

Conversely suppose that b is an («, 8)-inverse of a. Then a = aabfa and
b = bBaadb. Therefore, a = aabfa and hence a is regular.
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Note 3.16. A nonempty subset A of a ternary I'-semigroup T is said to be
left ternary I'-idealof T if b,c € T,a € A and «, 5 € I" implies bacBa € A.

Note 3.17. A nonempty subset A of a ternary I'-semigroup T is said to be
lateral ternary I'-idealof T if b,c € T, a € A and «, 5 € I" implies baafSc € A.

Note 3.18. A nonempty subset A of a ternary I'-semigroup T is said to be
right ternary I'-idealof T if b,c € T,a € A and «, 8 € ' implies aabfc € A.

Note 3.19. A nonempty subset A of a ternary I'-semigroup T is said to be
two sided ternary I'-idealof T if b,c € T,a € A and «, 8 € I' implies bacfa € A
and aabfc € A.

Note 3.20. A nonempty subset A of a ternary I'-semigroup T is said to
be a ternary I'-idealof T if b,c € T,a € A and «,8 € I' implies bacfBa € A,
baafic € A and aabfc € A.

Note 3.21. We note that every left and right ternary I'-ideal of a regular
ternary I'-semigroup maynot be a regular ternary I'-semigroup; however, for a
lateral ternary I'-ideal of a regular ternary I'-semigroup, we have the following
result:

Lemma 3.22. Every lateral ternary I'-ideal of a regular ternary I'-semigroup
T is a regular ternary I'-semigroup.

Proof. Let M be a lateral ternary I'-ideal of a regular ternary I'-semigroup
T. Then for each a € M, there exists x € T, a, 5 € I" such that a = aaxfa. Now
a = aaxfa = aaxfaczfa = ac (zfacz) fa = aabfa, where b = xfacax € M.
This implies that M is a regular ternary I'-semigroup.

Note 3.23. Every ternary I'-ideal of a regular ternary I'-semigroup T is a
regular ternary I'-semigroup.

Now we have the following characterization theorem for regular ternary
I"-semigroup:

Theorem 3.24. The following conditions in a ternary I'-semigroup T are
equivalent:

(i) T is regular;

(ii) For any right ternary I'-ideal R, lateral ternary I'-ideal M and left
ternary I'-ideal L of T, RUMI'L = RN M N L;

(iii) For a,b,c e T; <a>T <b>, I'<c>=<a>N<b>,N<c>;

(iv)ForaeT;<a>T<a>,I'<a>=<a>N<a>,N<a>.

Proof. (i) Suppose that T' is a regular ternary I' -semigroup. Let R, M
and L be a right ternary I'-ideal, a lateral ternary I'-ideal and a left ternary
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I’-ideal of T respectively. Then clearly, RTMT'L C RN M N L. Now for a €
RNMNL, we have a € al'zl'a for some € T'. This implies that a € al'aT'a =
(al'2Ta) T (aT'al'z) T (al'zTa) € RTMTL. Thus we have RONMNL C RTMT L.
So we find that RCMT'L=RNMnN L.

Clearly, (i1) = (iit) and (ii7) = (iv).

(iv) = (i) Let a € T. Clearly, a e<a>N<a>,N<a>=<a> 1<
a >, ' < a>;. Then we have,

a € (aI'TTT U a)T(TTal'T U TTTTal' TTT U a)T(TTTTa U a) C al'TTa.

So we find that a € al'TTa and hence there exists an element © € T, o, 5 € T’
such that a = aaxBa. This implies that a is regular and hence T is regular.

Corollary 3.25. The following conditions on a ternary I'-semigroup 1" are
equivalent:

(i) T is regular;

(19) RNL = RT'TTL for every right ternary I'-ideal R and every left ternary
I'-ideal L of T

(7i7) For a,be T; <a > N<b>=<a>I'TT <b>;

(iv) ForaeT;<a>N<a>=<a>TTT <a>.

Definition 3.26. A ternary I'-semigroup T is said to be a ternary I'-group
if for a,b,c € T, o, 8 € T', the equations aabfzr = ¢, acxb = ¢ and zaafb = ¢
have solutions in T.

Theorem 3.27. The following conditions in a ternary I'-semigroup T are
equivalent:

(i) T is regular and strongly I'-cancellative;

(79) T is regular and the idempotent pairs in T are all equivalent;

(7i1) Every element of T is invertible in T

(iv) T is a ternary I-group;

(v) T contains no proper one-sided ternary I'-ideals.

Theorem 3.28. A ternary ['-semigroup T is regular if and only if every
ternary I'-ideal of T is idempotent.

Proof. Let T be a regular ternary I'-semigroup and A be any ternary I'-
ideal of T. Then (AI‘)QA = ATATA C TT'TTA C A. Let a € A. Then
there exists € T, «a, 8 € I" such that a = aaxfa = aaxfacxfa. Since A is
a ternary I'-ideal and a € A, xBaax € A. Thus a = aaxrfa = aazxfacxfa €
(AT')? A. Consequently, A C (AT')* A and hence (AT')2A = ATATA = Aie. A
is idempotent.
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Conversely, suppose that every ternary I'-ideal of T" is idempotent. Let A, B
and C' be three ternary I'-ideals of T". Then

AUBTC C ATTTT C AJA'BI'C CTTBI'T C B

and
AI'BI'C CTTTTC C C.

This implies that AUBI'C' C AN BNC. Also,
(ANBNC)'(ANBNCO)I'(ANnBNC) C AI'BI'C.

Again, since AN BNC is a ternary I'-ideal of T,
(ANBNC)F(ANBNC)'(AnBNC)=AnBNC.

Thus AN BN C C AI'BI'C and hence AN BN C = AI'BI'C. Therefore, by
Theorem 3.24, T is a regular ternary I'-semigroup.

We now introduce a semisimple element of a ternary I'-semigroup and a
semisimple ternary I'-semigroup.

Definition 3.29. An element a of ternary I'- semigroup T is said to be
semisimple provided a €< a > <a > <a >, thatis, <a>T'<a>T<
a>=<a>.

Definition 3.30. A ternary I'- semigroup T is said to be semisimple ternary
I'- semigroup provided every element of T is a semisimple element.

Definition 3.31. (see [12]) A ternary I'-ideal A of a ternary I'-semigroup
T is said to be a prime I'-ideal of T" provided X, Y, Z are Ternary I'-ideals of T’
and XI'YTZ CA=XCAorY CAor Z CA.

Definition 3.32. (see [12]) A ternaty I'- ideal A of a ternary I'-semigroup
T is said to be a completely semiprime I'-ideal provided z € T, (zI")"z C A
for some odd natural number n > 1 implies x € A.

Definition 3.33. (see [12]) A ternary I'-ideal A of a ternary I'-semigroup
T is said to be semiprime ternary I'-ideal provided X is a ternary I'-ideal of T
and (XT)"" ! X C A for some odd natural number n implies X C A.

Theorem 3.34. A commutative ternary I'-semigroup T is regular if and
only if every ternary I'-ideal of T is semiprime.

Proof. Let T be a commutative regular ternary I'-semigroup and Q be
any ternary I'-ideal of T such that AI'AT'A C @ for any ternary I'-ideal A of



ON REGULAR TERNARY TI'-SEMIGROUPS 189

T. From Theorem 3.24, it follows that ATAI'A = A. Consequently, A C Q
and hence Q is a semiprime ternary I'-ideal of T. Conversely, suppose every
ternary I'-ideal of a commutative ternary I'-semigroup T is semiprime. Let
a € T. Then al'TTa is aternary I'-ideal of T. Now by hypothesis, al'TTa is a
semiprime ternary I'-ideal of T. If al'TTa = T, then we are done. Now suppose
that al'TTa # T. Then

<a>T'<a>T<a>=TTTTaUal’'TTTUTTal'TUTTTTal'TTT U {a})
N(ITTTaUal TTTUTTal'TUTTTTal'TTT U {a})
NITTTaUal TTTUTTal' T UTTTTal'TTT U a)
Cal'lTTa

ie.,

<a>I'<a>T<a>Cal'TTa.

This implies that < a >C al'TTa, since al'TTa is a semiprime ternary I'-ideal
of T. Consequently, a = aazxfa for some x € T,«a,5 € I' and hence T is a
regular ternary I'-semigroup.

Theorem 3.35. A ternary I'-semigroup 7 is right (resp. left) regular if
and only if every right(resp. left) ternary I'-ideal of T" is completely semiprime.

Proof. Let T be a right regular ternary I'-semigroup and R be any right
ternary I'-ideal of T. Suppose (aF)Qa = al'al'a C R for a € T. Since T
is right regular, there exists an element x € T, «,8 € I' such that a =
raafa = za(zxaafa) fa = rax (aafafa) € TTTTR C R. Thus R is com-
pletely semiprime.

Conversely, suppose that every right I'-ideal of T is completely semiprime.
Now for any a € T', TT'al'a is a right ternary I'-ideal of T. Then by hypothesis,
TTal'a is a completely semiprime ternary I'-ideal of T. Now (aF)2 a=al'al’'a C
TTala. Since TTal'a is completely semiprime, it follows that a € TT'al'a. So
there exists an element x € T such that a = zaafa. Consequently, a is right
regular. Since a is arbitrary, it follows that T is right regular. Similarly, we can
prove the theorem for left regularity.

Theorem 3.36. The following conditions in a ternary I'-semigroup T are
equivalent:

(i) T is completely regular;

(79) T is left and right regular i.e., a € al'al'T N TTal'a for all a € T

(7i1) a € al'al'TTal'a for all a € T'.
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Proof. (i) = (ii): Suppose T is a completely regular ternary I'-semigroup.
Let a € T. Then there exists an element z € T, «, 8 € I' such that aazfa = a
and the idempotent pairs (a,z) and (z,a) are equivalent i.e., al'zI'y = zTal'y
and yl'al'x = yl'aT'a for all y € T. Now in particular, putting ¥y = a we find
that al'zl'a = xl'al’'a and al'al'x = al'zrl'a. This implies that a € al'al'T" and
ac€TTal'aie., a € al’al'T'NTTal'a.

(49) = (¢it): Suppose that T is both left and right regular. Let a € T.
Then there exist x,y € T, a, 8 € I' such that a = acafzx and a = yaaBa. This
implies that ayzdz = yaaPayrdz = yaadz for all z € T,~,6 € I'. Now

a =aaafxr = ax (acafx) fx
= (aaa) aafxfr = (aca) ayPBafx
=acaoyf (yaafa) fr = acaayPya (afafz)
=acacyPyaa = acacyPya (yaafa)
=(a)? (yByay) a (afa) € alal'TTala.

(7i1) = (i): Suppose a € al'al'T'al'a for all @ € T. Then there exists x € T
such that a € al'al'zI'al'a. Now a € al'al'zT'al'a = aI'(al'zT'a)l'a = al'yla,
where y € al'zl'a € T. This implies that T is regular. Also

al'yl'z = al'(aT'xTa)T'z = (al')?x(al)?z(al)?2
and
yTal'z = (al'zTa)Tal'z = (al')?z(al)?z(al)?2

for all z € T. This shows that the idempotent pairs (a,y) and (y,a) are equiv-
alent. Consequently, T" is a completely regular ternary I'-semigroup.

Defnition 3.37. A ternary I'-subsemigroup B of a ternary I'-semigroup T’
is called a bi-ternary I'-ideal of T if BI'TT BI'T'B C B.

Theorem 3.38. A ternary I'-semigroup 7' is completely regular if and only
if every bi-ternary I'-ideal of T" is completely semiprime.

Proof. First suppose that T is a completely regular ternary I'-semigroup.
Let B be any bi-ternary I'-ideal of T. Let (bI')?b C B for b € T. Since T is
completely regular,from Theorem 3.35, it follows that b € (bI')2T(I'b)%. This
implies that there exists x € T' such that

b €(bI')2x(Tb)? = bI'[(bT)%2(Tb)*TaT[(bT)?2(T'b)*T'b
=(bI')3 (2T (bT")22)THI[(T) %21 (bT)?| LT (1) b
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=(bI')3 (2T (bT")?2) T (bD)? (2T (bI")*I'z)T (bI') b
CBI'TTBI'TTB C B.

This shows that B is completely semiprime.

Conversely, suppose that every bi-ternary I'-ideal of T is completely semi-
prime. Since every left and right ternary I'-ideal of a ternary I'-semigroup 7" is
a bi-ternary I'-ideal of T', it follows that every left and right ternary I'-ideal of
T is completely semiprime. Consequently, we have from Theorem 3.34, that T
is both left and right regular. Now by using Theorem 3.35, we find that T is a
completely regular ternary I'-semigroup.

Theorem 3.39. If T is a completely regular ternary I'-semigroup, then
every bi-ternary I'-ideal of T" is idempotent.

Proof. Let T be a completely regular ternary I'-semigroup and B be a bi-
ternary I'-ideal of T'. Since T is a completely regular ternary I'-semigroup, it
is also a regular ternary I'-semigroup. Let b € B. Then there exists z € T
suchthat b € bI'xI'b. This implies that b € BI'IT BandhenceB C BI'TTB.
Also BI'TTB C BI'TTBI'TTB C B. Thus we find that B = BI'TT'B. Again,
we have from Theorem 3.35, that b € (bI')2T(I'b)> C BI'BI'TTBI'B. This
implies that

B C BI'BTITBI'B = BI'(BTTTB)I'B = BI'BI'B C B.

Consequently, BI'BI'B = B.

Theorem 3.40. If T" is an intra-regular ternary I'-semigroup then for any
left ternary I'-ideal L, lateral ternary I'-ideal M and right ternary I'-ideal R of
T, LOMNRCLIMIR.

Proof. Suppose that T' is an intra-regular ternary I'-semigroup. Let L, M
and R be a left ternary I'-ideal, a lateral ternary I'-ideal and a right ternary
I’-ideal of T respectively. Now for a € L N M N R, we have a € xl'al'al’al'y for
some x,y € T. This implies that

a € zTal'al'al'y = (zTlzTal'al'a)G(yT'aTalal'al'yl'z) (al'al'al'yT'y)
€ L'MTR.

Thus we have LI'MT'R C LI'MTR.

Theorem 3.41. Let T be an intra-regular ternary I'-semigroup. Then a
non-empty subset I of 1" is a ternary I'-ideal of T if and only if I is a lateral
ternary I'-ideal of T'.



192 M. Vasantha, D.M. Rao, K. Praveenkumar, T. Satish

Proof. Clearly, if I is a ternary I'-ideal of T, then [ is a lateral ternary
I'-ideal of T'. Conversely, let I be a lateral ternary I'-ideal of an intra-regular
ternary I'-semigroup. Let @ € I and s,t € T'. Then a € 1" and hence there exist
elements z,y € T such that a € x'al’'al’'al'y. Now s['tl'a = sI'tl'zlal'al’'al'y C
TTITT C I and al'sI't = xl'al'al’al'yl'sT't C TTITT C I. This implies that
is both a left ternary I'-ideal and a right ternary I'-ideal of T'. Consequently, I
is a ternary I'-ideal of T

Lemma 3.42. Every lateral ternary I'-ideal of an intra-regular ternary I'
-semigroup 7' is an intra-regular ternary I'-semigroup.

Proof. Let L be a lateral ternary I'-ideal of an intra-regular ternary I'-
semigroup 7. Then for each a € L, there exists x,y € T such that a €
zlal'al'aly. Now

a €xl'al’'al’aly
=zl'(zlalal'al'y)T(zlal'al'al'y)T (zTal'al’'al'y)l'y
=(zl'zlalal'al'yI'x)lalal'al’ (yT'zlal'al'al'yT'y)
€Ll'al'al’al.

This implies that there exist u,v € L such that a = ul'al'al’'al'v. Consequently,
L is an intra-regular ternary I'-semigroup. From Theorem 3.40, we have the
following result:

Corollary 3.43. Every ternary I'-ideal of an intra-regular ternary I' -
semigroup 7' is an intra-regular ternary I'-semigroup.

Note 3.44. In ring theory, we note that if A is an ideal of a ring R and B
is an ideal of A, then B need not be an ideal of the entire ring R. But it is well
known that the result is true for regular ring. Like ring theory, we note that
if A is a ternaryl’-ideal of a ternary I'-semigroup 71" and B is a ternary I'-ideal
of A, then B need not be a ternary I'-ideal of the entire ternary I'-semigroup
T. But in particular, for an intra-regular ternary I'-semigroup 7', we have the
following result:

Theorem 3.45. Let A be a ternary I'-ideal of an intra-regular ternary
I'-semigroup T and B be a ternary I'-ideal of A. Then B is a ternary I'-ideal
of the entire ternaryl’-semigroup 7'

Proof. 1t is sufficient to show that B is a lateral ternary I'-ideal of T. Let
a € BCAands,teT,apel. Then saafft € A. We have to show that
saaft € B. From Corollary 3.42, it follows that A is an intra-regular ternary
I-semigroup. Thus there exist u,v € A such that saafBt = uy(saaBtd)3v =
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wy(saaft)d(saapft)d(saaft)dv = (uwysaaftis)aaf(tdsaaftov) € AIBT'A C
B. Consequently, B is a lateral ternary I'-ideal of T'.

Theorem 3.46. A ternary I'-semigroup 7' is intra-regular if and only if
every ternary I'-ideal of 1" is completely semiprime.

Proof. Let T be an intra-regular ternary I'-semigroup and A be a ternary
G -ideal of T. Let al'al'a C A for a € T. Since T is intra-regular, there
exist x,y € T such that a € zl'al’'al'al'y C A. Consequently, A is completely
semiprime. Conversely, suppose that every ternary I'-ideal of 71" is completely
semiprime. Let a € T. Then al'al'a C< al'al'a >. This implies that a €<
allal’'a >, since < al'al'a > is completely semiprime. Now < al'al'a >=
TTTTal'al'aUal'al’'al’'TTT UTTal'al’'al T’ UTT Tal'al'al TTT Ual'al'a. So we
have the following cases:

If a e TTTTal'al'a, then al’'al’a C TTTTal'al’al’a. Hence

a € TTTTTTITal'al'al’'al’a C TTTTITal'al'alT C TTal'al’'al'T.
If a € al’'al'al'TTT, then al’'al’a C al'al’al’al’'al’TTT. Hence
a € al'al’al’al’'al’'TTTTTTT C TTal'al’'al'TTTTT C TTal'al'al T

If a € TTal'al’al'T, then we are done.
If a e TTTTal'al’'al'TTT, then

al’al’'a C alI'TTTT al’'al'al’'TTTT a.

Hence

a € TTTTal'TTTT al'al’'al’'TTTT ol T C TTTTTT al'al'al'TTTTT
CTTal'al’'alT.

If a € al’'al’a , then
a € al'al’a = (al'al'a)l'(al'al’'a)l(al'al’a) C TTal'al'al'T.

So we find that in any case, T' is intra-regular.

4. Conclusion

In this paper we mainly introduced the theory of ternary I'-ideals in ternary
I'-semigroups and characterised these ternary I'-ideals.
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