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Abstract: In this paper we study some interesting properties of regular ternary Γ-semigroups,

completely regular ternary Γ-semigroups, intra-regular ternary Γ-semigroups and characterize

them by using various ternary Γ-ideals of ternary Γ-semigroups.
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1. Introduction

In [10], Vasile introduced and studied the notion of regular ternary rings. T.K.
Dutta, S. Kar and B.K. Maity. In [2 3], Dutta and Kar introduced and studied
the notion of regular ternary semirings. Recently, a number of mathematicians
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have worked on ternary structures, see [1, 6] and references there in. In [11,
12] M. Vasantha, D. Madhusudhana Rao and M. Venkateswara Rao introduced
the concept of ternary Γ-semigroup and made a study of some special element
in ternary Γ-semigroup and ternary Γ-ideals in ternary Γ-semigroups and char-
acterised ternary Γ-ideals. In [13] M. Vasantha and D. Madhusudhana Rao
discussed about prime Γ-radicals in ternary Γ-semigroups.

2. Preliminaries

Definition 2.1. (see [11]) Let T and Γ be two non-empty set. Then T is
said to be Ternary Γ-semigroup if there exist a mapping from T ×γ×T ×Γ×T

to T which maps (x1, α, x2, β, x3) → [x1αx2βx3] satisfying the condition

[[x1αx2βx3] γx4δx5] = [x1α [x2βx3γx4] δx5] = [x1αx2β [x3γx4δx5]] ,

∀xi ∈ T , 1 ≤ i ≤ 5 and α, β, γ, δ ∈ Γ.

Note 2.2. (see [11]) For the convenience, we write x1αx2βx3 instead of
[x1αx2βx3].

Note 2.3. (see [11]) Let T be a ternary Γ-semigroup. If A,B and C are
three subsets of T , we shall denote the set

AΓBΓC = {aαbβc : a ∈ A, b ∈ B, c ∈ C,α, β ∈ Γ} .

Definition 2.4. (see [11]) An element a of a ternary Γ-semigroup T is said
to be an identity provided aαaβt = tαaβa = aαtβa = t ∀t ∈ T , α, β ∈ γ.

Definition 2.5. (see [11]) A ternary Γ-semigroup T is said to be commu-
tative provided aΓbΓc = bΓcΓa = cΓaΓb = bΓaΓaΓc = cΓbΓa = aΓcΓb for all
a, b, c ∈ T .

Note 2.6. (see [11]) Let T be a ternary Γ-semigroup and a, b ∈ T Then
aαaαb is denoted by (aα)2 b and consequently aαaαaα.. (nterms) b is denoted
by (aα)nb.

Definition 2.7. A ternary Γ-semigroup T is said to be:

(i) strongly left Γ-cancellative (SLC) if aΓbΓx = aΓbΓy ⇒ x = y for all
a, b, x, y ∈ T .

(ii) strongly right Γ-cancellative (SRC) if xΓaΓb = yΓaΓb ⇒ x = y for all
a, b, x, y ∈ T .
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(iii) strongly lateral Γ-cancellative (SMC) if aΓxΓb = aΓyΓb ⇒ x = y for
all a, b, x, y ∈ T .

(iv) strongly Γ-cancellative (SC) if it is strongly left Γ-Cancellative, strongly
right Γ-Cancellative and strongly lateral Γ-cancellative.

Definition 2.8. (see [11]) An element a of a ternary Γ-semigroup T is said
to be an α-idempotent element provided aαaαa = a.

Note 2.9. The set of all idempotent elements in a ternary Γ-semigroup T
is denoted by Eα (T ).

Example 2.10. Every identity, zero elements are α-idempotent elements.

Definition 2.1. (see [11] An element a of a ternary Γ-semigroup T is said
to be an (α, β)-idempotent element provided a α a β a = a for all α , β ∈ Γ.

Note 2.12. (see [11]) If an element a of a ternary Γ- semigroup T is an
idempotent, aΓaΓa = a.

In the following we introduce proper idempotent element ternary Γ-semigroup.

Definition 2.13. (see [11]) An element a of a ternary Γ-semigroup T is
said to be a proper idempotent element provided a is an idempotent which is
not the identity of T if identity exists.

Definition 2.14. (see [11]) A ternary Γ-semigroup T is said to be an
idempotent ternary Γ-semigroup provided every element of S is αidempotent
for some α ∈ Γ.

Definition 2.15. (see [11]) A ternary Γ-semigroup T is said to be a strongly
idempotent ternary Γ-semigroup or ternary Γ-band provided every element in
T is an α idempotent for some α ∈ Γ.

Definition 2.16. A pair (a, b) of elements in a ternary Γ-semigroup T is
said to be an idempotent pair if aΓbΓ (aΓbΓx) = aΓbΓx and (xΓaΓb) ΓaΓb =
xΓaΓb for all x ∈ T .

Definition 2.17. Two idempotent pairs (a, b) and (c, d) of a ternary Γ-
semigroup T are said to be equivalent, in notation we write (a, b) ∼ (c, d), if
aαbβx = cαdβx and xαaβb = xαcβd for all x ∈ T and for all α, β ∈ Γ.

Note 2.18. Two idempotent pairs (a, b) and (c, d) of a ternary Γ-semigroup
T are equivalent, in notation we write (a, b) ∼ (c, d), iff aΓbΓx = cΓdΓx and
xΓaΓb = xΓcΓd for all x ∈ T .

Definition 2.19. (see [11]) A left ternary Γ-ideal A of a ternary Γ-
semigroup T is said to be the principal left (lateral, right) ternary Γ-ideal
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generated by a if A is a left(lateral, right) ternary Γ-ideal generated by {a} for
some a ∈ T . It is denoted by L(a) [M (a) , R (a)] or < a >l (< a >m, < a >r).

3. Regular Ternary Γ-Semigroups

In the following we are introducing regular element and regular ternary Γ-
semigroup.

Definition 3.1. (see [11]) An element a of a ternary Γ-semigroup T is said
to be regular if there exist x, y ∈ T and α, β, γ, δ ∈ Γ such that aαxβaγyδa = a.

Subsequently, modified the definition of regular ternary Γ-semigroup as fol-
lows:

Definition 3.2. An element a in a ternary Γ-semigroup T is called regular
if there exists an element x ∈ T and α, β ∈ I such that aαxβa = a.

Definition 3.3. (see [11]) A ternary Γ-semigroup T is said to be regular
ternary Γ-semigroup provided every element is regular.

Clearly, we see that the above definition of regular ternary Γ-semigroup is
equivalent to the definition of regular ternary Γ-semigroup.

Example 3.4. (see [11]) Let T = {0, a, b} and Γ be any nonempty set. If
we define a binary operation on T as the following Cayley table, then T is a
ternary Γ-semigroup.

* 0 a b

0 0 0 0

a 0 a a

b 0 b b

Define a mapping from T × Γ × T × Γ × T to T as aαbβc = abc for all
a, b, c ∈ T and α, β ∈ Γ. Then T is regular ternary Γ-semigroup.

Theorem 3.5. (see [11]) Every α-idempotent element in a ternary Γ-
semigroup is regular.

Theorem 3.6. If a ternary Γ-semigroup T is a regular ternary Γ-semigroup
then every principal ternary Γ-ideal is generated by a α-idempotent for some
α ∈ Γ.

In the following we are introducing the notion of left regular, lateral regular
right regular, intra regular and completely regular elements of a ternary Γ-
semigroup and completely regular ternary Γ-semigroup.
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Definition 3.7. An element a of a ternary Γ-semigroup T is said to be left
regular if there exist x ∈ T and α, β ∈ Γ such that a = aαaβx. i.e, a ∈ aΓaΓT .

Definition 3.8. An element a of a ternary Γ-semigroup T is said to be
right regular if there exist x ∈ T and α, β ∈ Γ such that a = xαaβa. i.e.,
a ∈ TΓaΓa.

Definition 3.9. An element a of a ternary Γ-semigroup T is said to be
completely regular if there exist x ∈ T and α, β ∈ Γ such that a = aαxβa and
the idempotent pair (a, x) , (x, a) are equivalent.

Definition 3.10. (see [11]) An element a of a ternary Γ-semigroup T is
said to be intra regular if there exist x, y ∈ T and α, β, γ, δ ∈ Γ such that
a = xαaβaγaδy.

Theorem 3.11. (see [11]) Let T be a ternary Γ-semigroup and a ∈ T . If a
is a completely regular element, then a is regular, left regular and right regular.

In the following we are introducing the notion of mid unit of a ternary
Γ-semigroup.

Definition 3.12. An element a of a ternary Γ-semigroup T is said to be a
mid-unit provided xΓaΓyΓaΓz = xΓyΓz for all x, y, z ∈ T .

Definition 3.13. Let T be a ternary Γ-semigroup, a ∈ T and α, β ∈ Γ. An
element b ∈ T is said to be an (α, β)-inverse of a if a = aαbβa and b = bαaβb.

Theorem 3.14. Let T be a ternary Γ-semigroup and a ∈ T . Then a is a
regular element if and only if a has an (α, β)-inverse.

Theorem 3.15. Let T be a ternary Γ -semigroup and a ∈ T . Then a is a
regular element if and only if a has an (α, β)-inverse.

Proof. Suppose that a is a regular element. Then a = aαbβa for some b ∈ S

and α, β ∈ Γ. Let x = bαaβb ∈ S. Now

aαxβa = aα (bβaαb) βa = (aαbβa)αbβa = aαbβa = a

and

xβaαx = (bβaαb)βaα(bβaαb) = bβ(aαbβa)α(bβaαb)

= βaα(bβaαb) = bβ(aαbβa)αb = bβaαb = x.

Therefore, x = bβaαb is the (α, β)-inverse of a.
Conversely suppose that b is an (α, β)-inverse of a. Then a = aαbβa and

b = bβaαb. Therefore, a = aαbβa and hence a is regular.
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Note 3.16. A nonempty subset A of a ternary Γ-semigroup T is said to be
left ternary Γ-idealof T if b, c ∈ T, a ∈ A and α, β ∈ Γ implies bαcβa ∈ A.

Note 3.17. A nonempty subset A of a ternary Γ-semigroup T is said to be
lateral ternary Γ-idealof T if b, c ∈ T, a ∈ A and α, β ∈ Γ implies bαaβc ∈ A.

Note 3.18. A nonempty subset A of a ternary Γ-semigroup T is said to be
right ternary Γ-idealof T if b, c ∈ T, a ∈ A and α, β ∈ Γ implies aαbβc ∈ A.

Note 3.19. A nonempty subset A of a ternary Γ-semigroup T is said to be
two sided ternary Γ-idealof T if b, c ∈ T, a ∈ A and α, β ∈ Γ implies bαcβa ∈ A

and aαbβc ∈ A.

Note 3.20. A nonempty subset A of a ternary Γ-semigroup T is said to
be a ternary Γ-idealof T if b, c ∈ T, a ∈ A and α, β ∈ Γ implies bαcβa ∈ A,
bαaβc ∈ A and aαbβc ∈ A.

Note 3.21. We note that every left and right ternary Γ-ideal of a regular
ternary Γ-semigroup maynot be a regular ternary Γ-semigroup; however, for a
lateral ternary Γ-ideal of a regular ternary Γ-semigroup, we have the following
result:

Lemma 3.22. Every lateral ternary Γ-ideal of a regular ternary Γ-semigroup
T is a regular ternary Γ-semigroup.

Proof. Let M be a lateral ternary Γ-ideal of a regular ternary Γ-semigroup
T. Then for each a ∈ M , there exists x ∈ T, α, β ∈ Γ such that a = aαxβa. Now
a = aαxβa = aαxβaαxβa = aα (xβaαx) βa = aαbβa, where b = xβaαx ∈ M .
This implies that M is a regular ternary Γ-semigroup.

Note 3.23. Every ternary Γ-ideal of a regular ternary Γ-semigroup T is a
regular ternary Γ-semigroup.

Now we have the following characterization theorem for regular ternary
Γ-semigroup:

Theorem 3.24. The following conditions in a ternary Γ-semigroup T are
equivalent:

(i) T is regular;
(ii) For any right ternary Γ-ideal R, lateral ternary Γ-ideal M and left

ternary Γ-ideal L of T, RΓMΓL = R ∩M ∩ L;

(iii) For a, b, c ∈ T ; < a >r Γ < b >m Γ < c >l=< a >r ∩ < b >m ∩ < c >l;
(iv) For a ∈ T ; < a >r Γ < a >m Γ < a >l=< a >r ∩ < a >m ∩ < a >l.

Proof. (i) Suppose that T is a regular ternary Γ -semigroup. Let R,M

and L be a right ternary Γ-ideal, a lateral ternary Γ-ideal and a left ternary
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Γ-ideal of T respectively. Then clearly, RΓMΓL ⊆ R ∩ M ∩ L. Now for a ∈
R∩M ∩L, we have a ∈ aΓxΓa for some x ∈ T . This implies that a ∈ aΓxΓa =
(aΓxΓa) Γ (xΓaΓx) Γ (aΓxΓa) ∈ RΓMΓL. Thus we have R∩M∩L ⊆ RΓMΓL.
So we find that RΓMΓL = R ∩M ∩ L.

Clearly, (ii) ⇒ (iii) and (iii) ⇒ (iv).

(iv) ⇒ (i) Let a ∈ T . Clearly, a ∈< a >r ∩ < a >m ∩ < a >
l
=< a >r Γ <

a >m Γ < a >l. Then we have,

a ∈ (aΓTΓT ∪ a)Γ(TΓaΓT ∪ TΓTΓaΓTΓT ∪ a)Γ(TΓTΓa ∪ a) ⊆ aΓTΓa.

So we find that a ∈ aΓTΓa and hence there exists an element x ∈ T, α, β ∈ Γ
such that a = aαxβa. This implies that a is regular and hence T is regular.

Corollary 3.25. The following conditions on a ternary Γ-semigroup T are
equivalent:

(i) T is regular;

(ii) R∩L = RΓTΓL for every right ternary Γ-ideal R and every left ternary
Γ-ideal L of T ;

(iii) For a, b ∈ T ; < a >r ∩ < b >l=< a >r ΓTΓ < b >l;

(iv) For a ∈ T ; < a >r ∩ < a >l=< a >r ΓTΓ < a >l.

Definition 3.26. A ternary Γ-semigroup T is said to be a ternary Γ-group
if for a, b, c ∈ T, α, β ∈ Γ, the equations aαbβx = c, aαxβb = c and xαaβb = c

have solutions in T.

Theorem 3.27. The following conditions in a ternary Γ-semigroup T are
equivalent:

(i) T is regular and strongly Γ-cancellative;

(ii) T is regular and the idempotent pairs in T are all equivalent;

(iii) Every element of T is invertible in T ;

(iv) T is a ternary Γ-group;

(v) T contains no proper one-sided ternary Γ-ideals.

Theorem 3.28. A ternary Γ-semigroup T is regular if and only if every
ternary Γ-ideal of T is idempotent.

Proof. Let T be a regular ternary Γ-semigroup and A be any ternary Γ-
ideal of T . Then (AΓ)2A = AΓAΓA ⊆ TΓTΓA ⊆ A. Let a ∈ A. Then
there exists x ∈ T, α, β ∈ Γ such that a = aαxβa = aαxβaαxβa. Since A is
a ternary Γ-ideal and a ∈ A, xβaαx ∈ A. Thus a = aαxβa = aαxβaαxβa ∈
(AΓ)2A. Consequently, A ⊆ (AΓ)2 A and hence (AΓ)2A = AΓAΓA = A i.e.,A
is idempotent.
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Conversely, suppose that every ternary Γ-ideal of T is idempotent. Let A,B
and C be three ternary Γ-ideals of T . Then

AΓBΓC ⊆ AΓTΓT ⊆ A,AΓBΓC ⊆ TΓBΓT ⊆ B

and

AΓBΓC ⊆ TΓTΓC ⊆ C.

This implies that AΓBΓC ⊆ A ∩B ∩ C. Also,

(A ∩B ∩ C) Γ (A ∩B ∩ C) Γ (A ∩B ∩ C) ⊆ AΓBΓC.

Again, since A ∩B ∩ C is a ternary Γ-ideal of T,

(A ∩B ∩ C) Γ (A ∩B ∩ C) Γ (A ∩B ∩ C) = A ∩B ∩ C.

Thus A ∩ B ∩ C ⊆ AΓBΓC and hence A ∩ B ∩ C = AΓBΓC. Therefore, by
Theorem 3.24, T is a regular ternary Γ-semigroup.

We now introduce a semisimple element of a ternary Γ-semigroup and a
semisimple ternary Γ-semigroup.

Definition 3.29. An element a of ternary Γ- semigroup T is said to be
semisimple provided a ∈< a > Γ < a > Γ < a >, that is, < a > Γ < a > Γ <

a >=< a >.

Definition 3.30. A ternary Γ- semigroup T is said to be semisimple ternary
Γ- semigroup provided every element of T is a semisimple element.

Definition 3.31. (see [12]) A ternary Γ-ideal A of a ternary Γ-semigroup
T is said to be a prime Γ-ideal of T provided X,Y,Z are Ternary Γ-ideals of T
and XΓY ΓZ ⊆ A ⇒ X ⊆ A or Y ⊆ A or Z ⊆ A.

Definition 3.32. (see [12]) A ternaty Γ- ideal A of a ternary Γ-semigroup
T is said to be a completely semiprime Γ-ideal provided x ∈ T , (xΓ)n x ⊆ A

for some odd natural number n > 1 implies x ∈ A.

Definition 3.33. (see [12]) A ternary Γ-ideal A of a ternary Γ-semigroup
T is said to be semiprime ternary Γ-ideal provided X is a ternary Γ-ideal of T
and (XΓ)n−1X ⊆ A for some odd natural number n implies X ⊆ A.

Theorem 3.34. A commutative ternary Γ-semigroup T is regular if and
only if every ternary Γ-ideal of T is semiprime.

Proof. Let T be a commutative regular ternary Γ-semigroup and Q be
any ternary Γ-ideal of T such that AΓAΓA ⊆ Q for any ternary Γ-ideal A of
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T. From Theorem 3.24, it follows that AΓAΓA = A. Consequently, A ⊆ Q

and hence Q is a semiprime ternary Γ-ideal of T. Conversely, suppose every
ternary Γ-ideal of a commutative ternary Γ-semigroup T is semiprime. Let
a ∈ T . Then aΓTΓa is aternary Γ-ideal of T. Now by hypothesis, aΓTΓa is a
semiprime ternary Γ-ideal of T. If aΓTΓa = T , then we are done. Now suppose
that aΓTΓa 6= T . Then

< a > Γ < a > Γ < a >=(TΓTΓa ∪ aΓTΓT ∪ TΓaΓT ∪ TΓTΓaΓTΓT ∪ {a})

Γ(TΓTΓa ∪ aΓTΓT ∪ TΓaΓT ∪ TΓTΓaΓTΓT ∪ {a})

Γ(TΓTΓa ∪ aΓTΓT ∪ TΓaΓT ∪ TΓTΓaΓTΓT ∪ a)

⊆aΓTΓa

i.e.,

< a > Γ < a > Γ < a >⊆aΓTΓa.

This implies that < a >⊆ aΓTΓa, since aΓTΓa is a semiprime ternary Γ-ideal
of T. Consequently, a = aαxβa for some x ∈ T, α, β ∈ Γ and hence T is a
regular ternary Γ-semigroup.

Theorem 3.35. A ternary Γ-semigroup T is right (resp. left) regular if
and only if every right(resp. left) ternary Γ-ideal of T is completely semiprime.

Proof. Let T be a right regular ternary Γ-semigroup and R be any right
ternary Γ-ideal of T. Suppose (aΓ)2 a = aΓaΓa ⊆ R for a ∈ T . Since T

is right regular, there exists an element x ∈ T , α, β ∈ Γ such that a =
xαaβa = xα (xαaβa) βa = xαx (αaβaβa) ∈ TΓTΓR ⊆ R. Thus R is com-
pletely semiprime.

Conversely, suppose that every right Γ-ideal of T is completely semiprime.
Now for any a ∈ T , TΓaΓa is a right ternary Γ-ideal of T. Then by hypothesis,
TΓaΓa is a completely semiprime ternary Γ-ideal of T. Now (aΓ)2 a = aΓaΓa ⊆
TΓaΓa. Since TΓaΓa is completely semiprime, it follows that a ∈ TΓaΓa. So
there exists an element x ∈ T such that a = xαaβa. Consequently, a is right
regular. Since a is arbitrary, it follows that T is right regular. Similarly, we can
prove the theorem for left regularity.

Theorem 3.36. The following conditions in a ternary Γ-semigroup T are
equivalent:

(i) T is completely regular;
(ii) T is left and right regular i.e., a ∈ aΓaΓT ∩ TΓaΓa for all a ∈ T ;
(iii) a ∈ aΓaΓTΓaΓa for all a ∈ T .
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Proof. (i) ⇒ (ii): Suppose T is a completely regular ternary Γ-semigroup.
Let a ∈ T . Then there exists an element x ∈ T, α, β ∈ Γ such that aαxβa = a

and the idempotent pairs (a, x) and (x, a) are equivalent i.e., aΓxΓy = xΓaΓy
and yΓaΓx = yΓxΓa for all y ∈ T . Now in particular, putting y = a we find
that aΓxΓa = xΓaΓa and aΓaΓx = aΓxΓa. This implies that a ∈ aΓaΓT and
a ∈ TΓaΓa i.e., a ∈ aΓaΓT ∩ TΓaΓa.

(ii) ⇒ (iii): Suppose that T is both left and right regular. Let a ∈ T .
Then there exist x, y ∈ T , α, β ∈ Γ such that a = aαaβx and a = yαaβa. This
implies that aγxδz = yαaβaγxδz = yαaδz for all z ∈ T, γ, δ ∈ Γ. Now

a =aαaβx = aα (aαaβx) βx

=(aαa)αaβxβx = (aαa)αyβaβx

=aαaαyβ (yαaβa) βx = aαaαyβyα (aβaβx)

=aαaαyβyαa = aαaαyβyα (yαaβa)

=(aα)2 (yβyαy)α (aβa) ∈ aΓaΓTΓaΓa.

(iii) ⇒ (i): Suppose a ∈ aΓaΓTaΓa for all a ∈ T . Then there exists x ∈ T

such that a ∈ aΓaΓxΓaΓa. Now a ∈ aΓaΓxΓaΓa = aΓ(aΓxΓa)Γa = aΓyΓa,
where y ∈ aΓxΓa ∈ T . This implies that T is regular. Also

aΓyΓz = aΓ(aΓxΓa)Γz = (aΓ)2x(aΓ)2x(aΓ)2z

and

yΓaΓz = (aΓxΓa)ΓaΓz = (aΓ)2x(aΓ)2x(aΓ)2z

for all z ∈ T . This shows that the idempotent pairs (a, y) and (y, a) are equiv-
alent. Consequently, T is a completely regular ternary Γ-semigroup.

Defnition 3.37. A ternary Γ-subsemigroup B of a ternary Γ-semigroup T

is called a bi-ternary Γ-ideal of T if BΓTΓBΓTB ⊆ B.

Theorem 3.38. A ternary Γ-semigroup T is completely regular if and only
if every bi-ternary Γ-ideal of T is completely semiprime.

Proof. First suppose that T is a completely regular ternary Γ-semigroup.
Let B be any bi-ternary Γ-ideal of T . Let (bΓ)2b ⊆ B for b ∈ T . Since T is
completely regular,from Theorem 3.35, it follows that b ∈ (bΓ)2T (Γb)2. This
implies that there exists x ∈ T such that

b ∈(bΓ)2x(Γb)2 = bΓ[(bΓ)2x(Γb)2]ΓxΓ[(bΓ)2x(Γb)2]Γb

=(bΓ)3(xΓ(bΓ)2x)ΓbΓ[(bΓ)2xΓ(bΓ)2]ΓxΓ(bΓ)2b
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=(bΓ)3(xΓ(bΓ)2x)Γ(bΓ)3(xΓ(bΓ)2Γx)Γ(bΓ)2b

⊆BΓTΓBΓTΓB ⊆ B.

This shows that B is completely semiprime.
Conversely, suppose that every bi-ternary Γ-ideal of T is completely semi-

prime. Since every left and right ternary Γ-ideal of a ternary Γ-semigroup T is
a bi-ternary Γ-ideal of T , it follows that every left and right ternary Γ-ideal of
T is completely semiprime. Consequently, we have from Theorem 3.34, that T
is both left and right regular. Now by using Theorem 3.35, we find that T is a
completely regular ternary Γ-semigroup.

Theorem 3.39. If T is a completely regular ternary Γ-semigroup, then
every bi-ternary Γ-ideal of T is idempotent.

Proof. Let T be a completely regular ternary Γ-semigroup and B be a bi-
ternary Γ-ideal of T . Since T is a completely regular ternary Γ-semigroup, it
is also a regular ternary Γ-semigroup. Let b ∈ B. Then there exists x ∈ T

suchthat b ∈ bΓxΓb. This implies that b ∈ BΓTΓBandhenceB ⊆ BΓTΓB.
Also BΓTΓB ⊆ BΓTΓBΓTΓB ⊆ B. Thus we find that B = BΓTΓB. Again,
we have from Theorem 3.35, that b ∈ (bΓ)2T (Γb)2 ⊆ BΓBΓTΓBΓB. This
implies that

B ⊆ BΓBΓTΓBΓB = BΓ(BΓTΓB)ΓB = BΓBΓB ⊆ B.

Consequently, BΓBΓB = B.

Theorem 3.40. If T is an intra-regular ternary Γ-semigroup then for any
left ternary Γ-ideal L, lateral ternary Γ-ideal M and right ternary Γ-ideal R of
T , L ∩M ∩R ⊆ LΓMΓR.

Proof. Suppose that T is an intra-regular ternary Γ-semigroup. Let L,M

and R be a left ternary Γ-ideal, a lateral ternary Γ-ideal and a right ternary
Γ-ideal of T respectively. Now for a ∈ L ∩M ∩R, we have a ∈ xΓaΓaΓaΓy for
some x, y ∈ T . This implies that

a ∈ xΓaΓaΓaΓy = (xΓxΓaΓaΓa)G(yΓxΓaΓaΓaΓyΓx)Γ(aΓaΓaΓyΓy)

∈ LΓMΓR.

Thus we have LΓMΓR ⊆ LΓMΓR.

Theorem 3.41. Let T be an intra-regular ternary Γ-semigroup. Then a
non-empty subset I of T is a ternary Γ-ideal of T if and only if I is a lateral
ternary Γ-ideal of T .
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Proof. Clearly, if I is a ternary Γ-ideal of T , then I is a lateral ternary
Γ-ideal of T . Conversely, let I be a lateral ternary Γ-ideal of an intra-regular
ternary Γ-semigroup. Let a ∈ I and s, t ∈ T . Then a ∈ T and hence there exist
elements x, y ∈ T such that a ∈ xΓaΓaΓaΓy. Now sΓtΓa = sΓtΓxΓaΓaΓaΓy ⊆
TΓIΓT ⊆ I and aΓsΓt = xΓaΓaΓaΓyΓsΓt ⊆ TΓIΓT ⊆ I. This implies that I
is both a left ternary Γ-ideal and a right ternary Γ-ideal of T . Consequently, I
is a ternary Γ-ideal of T .

Lemma 3.42. Every lateral ternary Γ-ideal of an intra-regular ternary Γ
-semigroup T is an intra-regular ternary Γ-semigroup.

Proof. Let L be a lateral ternary Γ-ideal of an intra-regular ternary Γ-
semigroup T . Then for each a ∈ L, there exists x, y ∈ T such that a ∈
xΓaΓaΓaΓy. Now

a ∈xΓaΓaΓaΓy

=xΓ(xΓaΓaΓaΓy)Γ(xΓaΓaΓaΓy)Γ(xΓaΓaΓaΓy)Γy

=(xΓxΓaΓaΓaΓyΓx)ΓaΓaΓaΓ(yΓxΓaΓaΓaΓyΓy)

∈LΓaΓaΓaL.

This implies that there exist u, v ∈ L such that a = uΓaΓaΓaΓv. Consequently,
L is an intra-regular ternary Γ-semigroup. From Theorem 3.40, we have the
following result:

Corollary 3.43. Every ternary Γ-ideal of an intra-regular ternary Γ -
semigroup T is an intra-regular ternary Γ-semigroup.

Note 3.44. In ring theory, we note that if A is an ideal of a ring R and B

is an ideal of A, then B need not be an ideal of the entire ring R. But it is well
known that the result is true for regular ring. Like ring theory, we note that
if A is a ternaryΓ-ideal of a ternary Γ-semigroup T and B is a ternary Γ-ideal
of A, then B need not be a ternary Γ-ideal of the entire ternary Γ-semigroup
T . But in particular, for an intra-regular ternary Γ-semigroup T , we have the
following result:

Theorem 3.45. Let A be a ternary Γ-ideal of an intra-regular ternary
Γ-semigroup T and B be a ternary Γ-ideal of A. Then B is a ternary Γ-ideal
of the entire ternaryΓ-semigroup T .

Proof. It is sufficient to show that B is a lateral ternary Γ-ideal of T . Let
a ∈ B ⊆ A and s, t ∈ T , α, β ∈ Γ. Then sαaβt ∈ A. We have to show that
sαaβt ∈ B. From Corollary 3.42, it follows that A is an intra-regular ternary
Γ-semigroup. Thus there exist u, v ∈ A such that sαaβt = uγ(sαaβtδ)3v =
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uγ(sαaβt)δ(sαaβt)δ(sαaβt)δv = (uγsαaβtδs)αaβ(tδsαaβtδv) ∈ AΓBΓA ⊆
B. Consequently, B is a lateral ternary Γ-ideal of T .

Theorem 3.46. A ternary Γ-semigroup T is intra-regular if and only if
every ternary Γ-ideal of T is completely semiprime.

Proof. Let T be an intra-regular ternary Γ-semigroup and A be a ternary
G -ideal of T . Let aΓaΓa ⊆ A for a ∈ T . Since T is intra-regular, there
exist x, y ∈ T such that a ∈ xΓaΓaΓaΓy ⊆ A. Consequently, A is completely
semiprime. Conversely, suppose that every ternary Γ-ideal of T is completely
semiprime. Let a ∈ T . Then aΓaΓa ⊆< aΓaΓa >. This implies that a ∈<
aΓaΓa >, since < aΓaΓa > is completely semiprime. Now < aΓaΓa >=
TΓTΓaΓaΓa∪ aΓaΓaΓTΓT ∪ TΓaΓaΓaΓT ∪ TΓTaΓaΓaΓTΓT ∪ aΓaΓa. So we
have the following cases:

If a ∈ TΓTΓaΓaΓa, then aΓaΓa ⊆ TΓTΓaΓaΓaΓa. Hence

a ∈ TΓTΓTΓTΓaΓaΓaΓaΓa ⊆ TΓTΓTΓaΓaΓaΓT ⊆ TΓaΓaΓaΓT.

If a ∈ aΓaΓaΓTΓT , then aΓaΓa ⊆ aΓaΓaΓaΓaΓTΓT . Hence

a ∈ aΓaΓaΓaΓaΓTΓTΓTΓT ⊆ TΓaΓaΓaΓTΓTΓT ⊆ TΓaΓaΓaΓT.

If a ∈ TΓaΓaΓaΓT , then we are done.
If a ∈ TΓTΓaΓaΓaΓTΓT , then

aΓaΓa ⊆ aΓTΓTΓaΓaΓaΓTΓTΓa.

Hence

a ∈ TΓTΓaΓTΓTΓaΓaΓaΓTΓTΓaΓT ⊆ TΓTΓTΓaΓaΓaΓTΓTΓT

⊆ TΓaΓaΓaΓT.

If a ∈ aΓaΓa , then

a ∈ aΓaΓa = (aΓaΓa)Γ(aΓaΓa)Γ(aΓaΓa) ⊆ TΓaΓaΓaΓT.

So we find that in any case, T is intra-regular.

4. Conclusion

In this paper we mainly introduced the theory of ternary Γ-ideals in ternary
Γ-semigroups and characterised these ternary Γ-ideals.
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