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Abstract: This paper presents a framework model for building minimum curvature Multi-

step methods. The Multi-step methods were derived in [6,7] and have consistently outper-

formed the traditional quasi-Newton methods that satisy the classical linear Secant equation.

The methods derived here aim at improving further the Multi-step methods by ensuring that

the interpolating curve used in updating the Hessian approximation has minimum a curva-

ture. The model used in the derivation of such methods utilizes a free parameter that is

employed as a tuning variable. The idea of minimizing the curvature of the interpolant was

introduced in [2]. The encouraging results justify the investigation of these methods further.

The algorithms derived are benchmarked against some of the most successful quasi-Newton

methods such as the standard BFGS and the methods derived in [2,5,6,7]. The results of the

numerical experiments indicate that the improvements obtained are substantially good and

that the methods are indeed promising.
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1. Introduction

This work directs attention to problems of the form:

minimize f(x) (where f : Rn → R).
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Let g andG denote the gradient and the Hessian of f respectively. Given Bi,
the current approximation to the Hessian, the new approximating matrix Bi+1

to the Hessian satisfies, in the standard quasi-Newton methods, the so-called
secant Equation:

Bi+1si = yi

where
si = xi+1 − xi, (1)

and
yi = gi+1 − gi (2)

The BFGS formula is numerically the most successful rank-two formula
[12,13,14,15] that approximates the true Hessian matrix. It is given by

BBFGS
i+1 = Bi +

yiy
T
i

yTi si
−

Bisis
T
i Bi

sTi Bisi
;

and for the inverse Hi+1(= B−1
i+1)

HBFGS
i+1 = Hi +

[
1 +

yTi Hiyi

sTi yi

]
sis

T
i

sTi yi
−

siy
T
i Hi +Hiyis

T
i

sTi yi
.

The paper starts with an account of the multi-step methods that form the
base of the methods derived in this paper. Then the general rational model
is introduced and then used in the derivation of the new minimum curvature
algorithms. We finally present the numerical comparisons.

2. Multi-Step Methods

Unlike the standard quasi-Newton methods in a straight line L is used to find a
new iterate xi+1, given the current iterate xi, multi-step quasi-Newton methods
exploit higher order polynomials in such computations. Let {x(τ)} or X denote
a differentiable path in Rn, where τ ∈ R. Applying the Chain rule to the
gradient vector g(x(τ)) in order to find the derivative of the gradient g with
respect to τ gives

dg

dτ
= G(x(τ))

dx

dτ
. (3)

Therefore, at any point on the path X the Hessian G must satisfy (3) for
any value of τ , specifically for τ = τc , where τc is a constant scalar and τc ∈ R.
This will result in the so-called “Newton Equation” ([6],[12]):

dg

dτ
|τ=τc = G(x(τ))

dx

dτ
|τ=τc .
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To derive a relation satisfied by the Hessian at xi+1, a value for τ is chosen,
namely τm, that corresponds to the most recent iterate in the Newton equation
as follows (where ĝ

′

(τm) ≈ g′(τm))

ĝ
′

(τm) = Bi+1x
′(τm)

or equivalently,
wi = Bi+1ri, (4)

where the vectors ri and wi are given, with respect to the m most recent
step vectors {sk}

i
k=i−m+1 and the m most recent gradient difference vectors

{yk}
i
k=i−m+1 respectively, in the following forms

ri =

m−1∑

j=0

si−j{

m∑

k=m−j

L′

k(τm)} , (5)

and

wi =
m−1∑

j=0

yi−j{
m∑

k=m−j

L′

k(τm)}

where si and yi are as in (1) and (2), respectively, and

L′

k(τm) = (τk − τm)−1[(τm − τj)/(τk − τj)], k < m,

L′

m(τm) =

m−1∑

j=0

(τm − τj)
−1,

and {Lk}
m
k=0 are the standard Langrange polynomials.

Ford and Moghrabi [7] introduced choices for the parameters {τk}
m
k=0, that

influence the shape of the interpolating curve. The natural choice for the pa-
rameter τ is τk = k−m+ 1, or any similar scaling of this, for k = 0, 1, 2, ...,m.
In [7], it was proposed that the parameters τk for be chosen such that they de-
pend on some metric used to take into account the spacing among the iteration
points. The metric takes the form

φM (z1, z2) = [(z1 − z2)
TM(z1 − z2)]

1/2,

where M is a symmetric positive-definite matrix.
This metric is then used to define the {τk}

m
k=0 values used in the computa-

tion of the vectors ri and wi.
One option for calculating {τk}

m
k=0 is to choose one of the iterates, say

xj, as a “base-point“. This point corresponds to some value of τ , which is
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assumed to be the origin and therefore this value τj is set to 0 . Then, any
value τk corresponds to the point xi−m+k+1 for k 6= j. This approach locates
the other iterates {xi−m+k+1}

m
k=0 , except for k = j, by accumulating the

distance (measured by the chosen metric φM ) between each two consecutive
pair of points in the sequence from xi−m+j+1 to xi−m+k+1. Moreover, the
values of τk are negative for k < j and positive otherwise. Therefore, in this
approach we can find any value τk, for k = 0, 1, ...,m, using

τk =





−
∑j

p=k+1[φM (xi−m+p+1, xi−m+p)], k < j,

0, k = j,∑k
p=j+1[φM (xi−m+p+1, xi−m+p)], k > j.





(6)

This approach will yield values {τk}
m
k=0, satisfying the following property

τk < τk+1 , for k = 0, 1, ...,m − 1,

for distinct non overlapping τ−values.

The particular choice of the matrix M results in different algorithms. More-
over, the numerical results reported in [7] seem to favour the choice m = 2 over
larger values of m. This may be largely attributed to the non-smoothness of the
interpolant. The methods derived here choose m = 2. Thus, the update done
at each iteration for these methods satisfies

Hi+1(yi −
δ2

2δ + 1
yi−1) = si −

δ2

2δ + 1
si−1 (7)

where

δ =
τ2 − τ1
τ1 − τ0

.

For m = 2 and M = I, for example, the parameter values are given by
τ2 = ‖si‖2, τ1 = 0, τ0 = −‖si−1‖2.

The new B-version BFGS formula is given as

BMulti−Step
i+1 = Bi +

wiw
T
i

wT
i ri

−
Birir

T
i Bi

rTi Biri
, (8)

with similar structure for the H-version, obtained by replacing the vectors si
and yi with ri and wi,respectively.
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2.1. Minimum Curvature Algorithms

The idea of determining the parameters defining the curve {τk}
m
k=0, such that

a minimum curvature is yielded, was first proposed in [2]. Here, we carry on
with the idea further and propose a rational form that hosts a free parameter
at our disposal that is chosen so that minimum curvature is yielded at some
chosen τ−point for the interpolating curve in the space of the variables.

The model is given as follows:

u(τ, θ) =
q(τ)

(1 + θτ)
, (9)

where the vector u(τ, θ) represents either a model for x(τ, θ) or ĝ
′

(τm)(≈ g′(τm)),
the scalar θ serves as a tuning parameter to control the curvature, and q(τ) is
a quadratic polynomial expressed as

q(τ) =

2∑

k=0

Lk(1 + θτk)xi−m+k+1 , (10)

where Lj(τ) is the Lagrange polynomial of degree two associated with the ab-
scissae {τk}

2
k=0.

Then for a specified set of distinct τ values {τk}
2
k=0 in the two-step method,

the curve x(τ, θ) should satisfy:

x(τk, θ) = xi+k−1 , for k = 0, 1, 2. (11)

The update matrix in this case satisfies

ĝ
′

(τ2, θ) = Bi+1x
′(τ2, θ). (12)

We now proceed in the derivation of expressions for the parameter θ. From
(7) and (9) we obtain

x′(τ, θ) ≡
(1 + θτ)q′ − θq

(1 + θτ)2
(13)

and

x′(τ 2, θ) =
si[(τ1−τ0)(−τ1−τ0+2τ2) + θ(τ22−τ1τ0)]− si−1[(τ 2−τ1)

2(1 + θτ0)]

(1 + θτ2)(τ 1−τ0)(τ2−τ0)(τ 2−τ1)
.

(14)
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If we define τi,,j
def
= τi − τj, then

x′′(τ2, θ) =
θ2(siα+ si−1β) + θ(siγ + si−1λ) + (2siτ1,0 + 2si−1τ2,1)

(1 + θτ2)2τ1,0τ2,1τ2,0
, (15)

for

α = 2τ1,0τ0τ1, β = 2τ0τ1τ2,1, γ = 2(τ21 − τ20 ) and λ = 2(τ21 + τ0τ1 − τ0τ2 − τ1τ2).

Then, upon defining

σj
def
= ‖sj‖

2
M ≥ 0, and µj

def
= sTj−1Msj, (16)

the minimum condition for the curvature function φ(τ2, θ) = ‖x”( τ2, θ)‖
2
M can

be expressed as

φ(τ2, θ)

= ς−1[θ3(4υ − κτ2) + θ2(3κ − 2̺τ2) + θ(2̺− 3ξτ 2) + (ξ − 4ιτ 2)] = 0. (17)

which is a cubic equation in θ and where

ς =(1 + θτ2)
5(τ1,0τ2,1τ2,0)

2,

ν =α2σi + β2σi−1 + 2αβµi,

κ =2αγσi + 2βλσi−1 + 2(αλ+ βγ)µi,

̺ =(γ2 + 4τ1,0α)σi + (λ2 + 2τ2,1β)σi−1 + 2(γλ + 2α+ 2τ1,0β)µi,

ξ =4τ1,0γσi + 4τ2,1λσi−1 + 4(τ2,1γ + τ1,0λ)µi,

ι =(2τ1,0)
2σi + (2τ2,1)

2σi−1 + 8τ1,0τ2,1µi.

2.2. Algorithm C1

For this algorithm, the focus is on determining the minimum curvature at τ2,
corresponding to the most recent iterate, for some defined τ0 and τ1 values. We
choose the origin τ2 = 0. From (15) it follows that

φ (τ2, θ) =

η
[
θ3

(
16τ20 τ

2
1

)
+ θ2 (24τ0τ1 (τ1 + τ0)) + θ(8 (τ1 + τ0)

2 + 16τ0τ1) + 8 (τ1 + τ0)
]
.
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for

η =
τ21,0σi + τ21σi−1 + 2τ1τ1,0µi

τ0τ1τ1,0
.

This yields three real roots as follows

θ1 = (‖si−1‖2 + ‖si‖2)
−1, θ2 = (‖si‖2)

−1

and

θ3 = −1/2
(
(‖si−1‖2 + ‖si‖2)

−1 + (‖si‖2)
−1

)
.

The first two values are points of singularity. As for the third root, the curvature
expression is given by

φ (τ2, θ3) = −4[7 (τ1 + τ0)
2 −

4

τ0τ1
].

Whether θ3 corresponds to a minimum or not depends on the values chosen
for τ0 and τ1 and this needs to be numerically tested before it is accepted on
each iteration. The value of θ3 corresponds to a minimum if values of the form
τ1 = −‖si‖2 and τ0 = −‖si‖2 − ‖si−1‖2 are used and when the magnitude of
the step vectors is less than one. The update matrix for this algorithm satisfies
(12). If no such minimum can be computed, a plain 2-step method iteration is
carried out to satisfy (4).

2.3. Algorithm C2

In C1, θ is derived such that minimium curvature for the interpolant is ob-
tained. In this method, a specific member of the model in (9) is the focus
where by one of the τ -values is determined independently of the free param-
eter θ such that a minimum curvature is yielded. The choices made here are
τ0 = 0, τ2 = 1 and θ = 0 and τ1 is what we seek to determine. Consequently,
(14) reduces to:

x′(τ1, 0) = (siτ1(1− τ1)
−1 + si−1τ

−1
1 (1− τ1)).

Given the chosen values for the τ−parameters, (15) consequently is given as

x′′(τ1, 0) =
2(siτ1 + si−1(τ1 − 1))

τ1(1− τ1)
.

The corresponding curvature function is given as
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φ (τ1, θ) = x′′(τ1, 0)
TMx′′(τ1, 0) =

4
(
τ21σi + (τ1 − 1)2 σi−1 + 2τi (τ1 − 1)µi

)

τ21 (1− τ1)
2 .

It follows that

φ′
def
=

dφ(τ1)

dτ1
=

8[τ31σi + σi − (1− τ1)
3σi−1 + τ1(1− τ1)(1 − 2τ1)µi]

τ31 (1− τ1)3
. (18)

If σ, µ and δ are defined as σ = σi

σi−1
, µ = µi

δi−1
and δ =

τ2,1
τ1.0

, respectively, then

(18) reduces to a cubic equation of the form (for σi as in (16))

φ′
def
= δ3 − µδ2 + µδ − σ = 0 . (19)

that can be solved for δ.
Since M is symmetric-positive-definite, it has nonsingular Cholesky factors

(M = LLT , say), so that

µ2
i = (sTi−1LL

T si)
2 = (vTi−1vi)

2,

say, where

vk
def
= LT sk.

Hence, by the Cauchy-Schwartz inequality,

µ2
i ≤ ‖vi−1‖

2
2 ‖vi‖

2
2 = σi−1σi.

Thus,

µ2 =

(
µi

σi−1

)2

≤ σ.

Provided no null steps are taken (that is, sj = 0 ), σ is finite and positive.
It is observed here that if σ < 1 , µ < 0 and δ∗ ≤ µ+ 2[µ2 − 3µ]1/2/3, then

φ′ has one positive real zero (δ∗) and two negative real zeroes ( δ1 and δ2 , say)
which satisfy the following inequalities (see [2]):

−δ∗ ≤ δ1, δ2 < 0.

Although δ = −1 gives a global minimum of the function φ , it is not admissible
as a solution to the “minimum curvature” problem as it corresponds to τ1 being
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infinite. It is important to mention at this point that this last equation is
independent of the choices made for the τ parameters. The modified Secant
Equation we seek to satisfy in every update of the Hessian can be expressed as:

[yiτ1(2− τ1)− yi−1(1− τ1)
2] = Bi+1[siτ1(2− τ1)− si−1(1− τ1)

2].

2.4. Algorithm C3

This algorithm mimics C2 with the curvature minimized at τ = τ2 this time.
The remaining τ−parameters are chosen as τ1 = 1/2 and τ0 = 0. Thus, (14)
takes the form

x′(τ2, 0) = (siτ
−1
2 (4τ2 − 1)(2τ2 − 1)−1 − si−1τ

−1
2 (2τ2 − 1)).

From (15) it can be shown that choosing θ = 0 yields

x′′(τ) ≡
4

τ2(2τ2 − 1)
(si − si−1(2τ2 − 1)).

Consequently, the curvature expression is given as

φ(τ2, 0) = x′′(τ2, 0)
TMx′′(τ2, 0)

=
16

τ22 (2τ2 − 1)2

(
σi + (2τ2 − 1)2 σi−1 − 2 (2τ2 − 1)µi

)
,

where σi, σi−1 and µi are as in (18).
It follows that

φ′(τ) =
32[−2τ2σi + σi − (τ2 − 1)3σi−1 + (τ2 − 1)(3τ2 − 2)µi]

τ32 (2τ2 − 1)3
. (20)

If σ, µ and δ were defined as: σ = σi

σi−1
, µ = µi

δi−1
and δ =

τ2,1
τ1,0

, then δ = 2τ2−1.

Thus, (20) becomes

δ3 − 3µδ2 + δ(2σ − µ) + σ = 0.

A similar analysis of the roots followed forC2 applies here as well. Accordingly,
the modified multi-step Secant equation takes the following form

(yi(τ2 −
1

4
)− yi−1(τ2 −

1

2
)2) = Bi+1(si(τ2 −

1

4
)− si−1(τ2 −

1

2
)2).
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3. Numerical Results

The methods were numerically tested on sixty problems classified into “low”
(2 ≤ n ≤ 15), “medium” (16 ≤ n ≤ 45) and “high” (46 ≤ n ≤ 80) dimensions as
in [7]. Each function was tested using four different starting-points. For prob-
lems with variable dimension, the tests were also done on different dimensions,
depending on the degree of freedom permitted by the specific problem. The
total number of test problems is an overall of 876 problems. The overall scores
for function/gradient evaluations, iteration count and total execution times are
reported in Table 1. Tables 2 to 5 show the collective scores for each dimension
group. The tabulated results serve as a comparison mechanism for the perfor-
mance of each method on each of the subsets as well as on the complete set.
For each problem, the method yielding the least number of function/gradient
evaluations as related to the total function/gradient evaluations is awarded one
point, accumulated under the total score count under “Scores” in each table.
In our tests, we have employed a cubic interpolation line search method where
a new estimate to the minimum is accepted if the following two conditions are
satisfied (see [[16]])

f(xi+1) ≤ f(xi) + 10−4sTi g(xi)

and

sTi g(xi+1) > 0.9sTi g(xi).

Algorithm M1 correpsonds to the standard one-step BFGS and A1 is the best
performing multi-step method reported in [7].

A general curvature algorithm has the following outline:
1- Start with any estimate x0, of the minimum.
2- Start with a symmetric positive-definite matrix H0 (usually H0 = I).
3. i = 0.
4. Find g0 = g(x0);
5. Repeat

Step 1. Let pi = −Higi.
Step 2.

Minimize f(xi + tpi), to find ti > 0.
t ∈ R

using some line search technique (e.g., Cubic Interpolation [8]).

Step 3. xi+1 = xi + tipi.
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compute si = xi+1 − xi, and yi = gi+1 − gi.

if i > 1 then {solve a curvature minimization problem and
compute the τ−parameters, namely, τ0, τ1 and τ2; compute ri and wi in (4);}

else { ri = si; wi = yi; }

Step 4.

update HBFGS
i+1 = Hi +

[
1 +

wT
i
Hiwi

rT
i
wi

]
rirTi
rT
i
wi

−
riwT

i
Hi+HiwirTi
rT
i
wi

Step 5. i = i+ 1

until ‖gi‖2 < ǫ, where ǫ ∈ R (ǫ > 0) is a convergence tolerance.

The results obtained from the tests show clearly that C3 exhibits a superior
numerical performance, by comparison with the other algorithms derived in this
work and those published in earlier works [2,5,6,7]. In general, the curvature
methods are noted to also present numerical improvement on the low dimension,
unlike earlier algorithms for which such improvement was rather marginal on
such dimensions.

Table 1 : Overall Results (876 problems)
Method Evaluations Iterations Time (sec.) Score

M1 86401 (100.00%) 73090 (100.00%) 39171.18 (100.00%) 101
A1 76164 (88.15%) 61335 (83.92%) 31474.71 (80.35%) 139
C1 75975(87.93%) 60490 (82.76%) 31247.42 (79.77%) 115
C2 77003 (89.12%) 61404 (84.01%) 31843.15 (81.29%) 98
C3 72020 (83.13%) 56440 (77.21%) 30316.36 (77.39%) 136

Table 2 : Results for dimensions from 2 to 15 (440 problems)
Method Evaluations Iterations Time (sec.) Scores

M1 25589 (100.00%) 21648 (100.00%) 319.83 (100.00%) 46
A1 24494 (95.72%) 19525 (90.19%) 267.25 (83.56%) 77
C1 24343 ( 95.13%) 18991 (87.72% ) 265.31 (82.95%) 91
C2 25097 (98.08%) 19605 (90.56%) 273.84 (85.62%) 107
C3 22314 (87.21%) 17346 (80.12%) 258.13 (80.7%) 119

Table 3 : Results for dimensions from 16 to 45 (240 problems)
Method Evaluations Iterations Time (sec.) Scores

M1 27058 (100.00%) 23844 (100.00%) 3429.78 (100.00%) 11
A1 22995 (84.98%) 19578 (82.11%) 2745.05 (80.04%) 36
C1 23001 (85.00%) 19450 (81.51%) 2813.11 (82.02%) 51
C2 22903 (84.64%) 19384 (81.30%) 2717.96 (79.25%) 64
C3 21393 (79.06%) 17256 (72.32%) 2533.31(73.86%) 78
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Table 4 : Results for dimensions from 46 to 80 (134 problems)
Method Evaluations Iterations Time (sec.) Scores

M1 21146 (100.00%) 17431 (100.00%) 13426.87 (100.00%) 7
A1 18009 (85.17%) 14122 (81.02%) 10835.33 (80.70%) 14
C1 17930 (84.79%) 13819 (79.27% ) 10315.66 (76.82%) 31
C2 18110 (85.64%) 14143 (81.14%) 10891.54 (81.12%) 39
C3 17940 (84.83%) 13920 (79.85%) 10513.71 (78.30%) 43

Table 5 : Results for dimensions from 81 to 100 (62 problems)
Method Evaluations Iterations Time (sec.) Scores

M1 12608 (100.00%) 10167 (100.00%) 21994.7 (100.00%) 3
A1 10666 (84.60%) 8110 (79.77%) 17627.08 (80.14%) 9
C1 10701 (86.40%) 8230 (81.36%) 17853.34 (81.66%) 11
C2 10893 (86.40%) 8272 (81.36%) 17959.81 (81.66%) 18
C3 10373 (82.27%) 7918 (77.87%) 17011.21 (77.34%) 21

4. Conclusions and Suggestions for Further Work

A general framework for developing parameterizations of the interpolating curves
in the two-step quasi-Newton methods has been proposed. The framework re-
lies on the minimation of the curvature of the curve that interpolates the three
most recent iterates at a chosen point to ensure the ’smoothness’ of the in-
terpolant. The curvature minimaztion problem has been shown in this work
to have cheaply computable roots at each iteration. Numerical experiments
have proven the viability of the approach presented here where algorithms of
this family have yielded substantial numerical gains over the standard BFGS
method. The curvature methods have also revealed better performance com-
pared to the original multi-step methods. There remains open the issue of
whether there is an optimal choice for the parameters defining the curve, other
than those corresponding to minimal curvature. The theoretical convergence
properties of such methods are yet to be explored. The merits the approach
presented here are yet to be assessed on higher than two multi-step methods.
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