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Abstract: In this article, we prove that if f is a weakly C-contractive type self map on a
complete complex valued metric space (X,d) then it has a unique fixed point and also, we

extend this result to complete complex valued b-metric spaces.

AMS Subject Classification: 47H10, 54H25
Key Words: complex valued metric space, complex valued b-metric space, weakly C-

contractive type map, fixed point

1. Introduction and Preliminaries

According to Azam et. al [1], we have the following notation and definitions.
Let C denote the set of complex numbers and a,b € C. Define a partial order
=< on C as follows: a < b if and only if Re(a) < Re(b), Im(a) < Im(b).

Definition 1. Let X be a non-empty set. Suppose that the mapping
d: X x X — C satisfies:
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1. 0 <X d(x,y), for all x,y € X and d(z,y) =0 if and only if z =y

2. d(z,y) = d(y,z), for all x,y € X

3. d(z,y) 2 d(x,z) +d(z,y), for all z,y,z € X.
Then d is called a complex valued metric on X and (X,d) is called a complex
valued metric space.

Definition 2. Let (X,d) be a complex valued metric space and {x,, },>1

be a sequence in X and x € X. We say that:

1. The sequence {z, }n>1 converges to x if for every r € C, with 0 < r there
is a positive integer ng such that for all n > ng , d(z,,xz) < r. We write
Ty — X, a8 N — 00.

2. The sequence {z,},>1 is Cauchy sequence if for every r € C,with 0 < r
there is a positive integer ng such that for all n,m > ng , d(xp, xm) < 7.

3. The metric space (X, d) is a complete complex valued metric space if every
Cauchy sequence is convergent.

There are several number of works in contraction type mappings, among
these we consider one such mapping namely weakly C-contractive map.

Definition 3. [4] Let (X,d) be a metric space, the map f : X — X is
called weakly C-contractive if

d(f(x), f(y)) < Sld(z, f(y)) + dy, ()] = old(z, f(y)),d(y, f(x))) (1)

N —

for all z,y € X and ¢ : [0,00)? — [0, 00) is continuous and ¢(z,y) = 0 if and
only ifx =y =0.

In [4], Choudhury proved that in complete metric space, weakly C-contractive
self map has a unique fixed point.

2. Main Results

In this section, we present our main results. Before proceed further we first
introduce the generalization of weakly C-contractive map.
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Definition 4. Let (X,d) be a complex valued metric space, the map
f: X — X is called weakly C-contractive type map if

d(f(x), f(y)) = %[d(ﬂf, f) +dly, f(2))] = o(M(z,y)) (2)

for all z,y € X and M(z,y) = max{Re d(z,y),Im d(xz,y)} with the map
¢:[0,00) — A={a+ib:a,be (0,00)} U{0} has the following property:

1. ¢ is continuous

2. v <y = ¢(z) 2 o(y)
3. ¢(z) =0 if and only if z = 0.

Now we prove our first main result about existence of fixed point of the
weakly C-contractive type map defined on complete complex valued metric
space. To prove this result, we need the following lemma in the sequel.

Lemma 1. Let (X,d) be a complex valued metric space and let {z,} be
a sequence in X. Then {x,} is a Cauchy sequence if and only if to every ¢ > 0,
there is a positive integer ng such that Re d(xy,, xy,) < € and Im d(zy, Ty,) < €,
for all n,m > ny.

Proof. Let {x,} be a Cauchy sequence and € > 0 be given. Then take
0 < r = € + i¢, and by the definition of Cauchy sequence there is a positive
integer ng such that d(zy,x,,) < r, for all n,m > ng. Which in turn implies
Re d(xp,xym) < € and Im d(xy, xy,) < €, for all n,m > ng.

Conversely, let 0 < r be given, then Re v > 0 and Im r > 0 and by
the hypothesis, there are positive integers ni,ny such that Re d(xy,zp) <
Re r and Im d(zy,x,) < Re r, for all n,m > ny and Re d(x,,zy) < Im r
and Im d(xn,xy) < Im r, for all n,m > ny. Let ng = max{ni,ns}, then
Re d(xy,zy) < Re v and Im d(xy,xy,) < Im r, for all n,m > ng and hence
d(xp, ) < r, for all n,m > ny, so that {x,} is a Cauchy sequence.

Theorem 1. Let (X,d) be a complete complex valued metric space and
f X — X be a weakly C-contractive type map, then f has a unique fixed
point.

Proof. Let o € X be an arbitrary point and let x,, = f(z,—1) ,n =1,2,3...,
Suppose there is some positive integer n such that d(x,, f(z,)) = 0, then x,
becomes a fixed point of f, which completes the proof. So we assume that
d(xy, f(zy)) # 0 for all n € N. Hence we have,

d(Tni1,20) = d(f(zn), f(Tn-1))
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PN

[d(xm f(xnfl)) + d(xnfla f(xn))] - ¢(M(xn7 xnfl))

9 [d(zn-1,7n) + d(@Tn, Tni1)] — S(M (T, Tn-1)) (3)
d(xpi1,2n) = d(zp,Tp-1),n=1,2,3, ..

1
2
1

PN

From this, for n = 1,2,3,..., we have, Re d(zp4+1,%,) < Re d(xy,z,—1) and
Im d(zp41,2n) < Im d(xp,x,—1) and which inturn implies {Re d(zp41,2n)}
and {Im d(xn+1,2,)} are decreasing sequences of non-negative real numbers
and hence convergent. Let lim,,_,o, Re d(zyp41,x,) =7 and

lim,, oo Im d(zpi1,2,) = s. Since Re d(xy,zn—1) < M(xy,2,-1) and by
the property of ¢, we have ¢(Re d(zpn,xn-1)) = ¢(M(xy,zn—1)) Hence for
n =1,2,3, ..., the equation(3) becomes

1
d(xn—f—la xn) j i[d(xna xn—l) + d(xn—f—la xn)] - ¢(R6 d(xna xn—l)) (4)
and therefore,
1
Re d(xpi1,2n) < Q[Re d(xp, xpn—1) + Red(xpi1,x)]
—Re ¢(Re d(zn,zn-1)) (5)

making n — oo on (5) and by the continuity of ¢ we haver < $[r+r]—Re ¢(r),
that is Re ¢(r) = 0. Hence, by the property of ¢, r = 0. Thus,

lim Re d(zp41,2,) =0 (6)
n— oo
Similarly,
lim Im d(zp41,2,) = 0. (7)
n—o0

Now we have to prove that the sequence {x,} is a Cauchy sequence. Arguing
by contradiction, using lemma(l) we may assume that there is an ¢ > 0 and
the sequences {a(n)} and {b(n)} of positive integers such that a(n) > b(n) > n,
Re d(z4(), Tyny) = € and Re d(Tqm)—1,Tp(n)) < €, for all positive integers n.
Now,

™
IN

Re d(xa(n)vxb(n)) = Re d(f(xa(n)—l)u f(xb(n)—l))

1

§[R6 d(xa(n)—la xb(n)) + Re d(xb(n)—la xa(n))]

—Re ¢(R6 d(xa(n)—laxb(n)—l)) (8)

IN
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Also

Re d(xa(n),xb(n))
Re d(xa(n)7xa(n)—1) + Re d(xa(n)—lvxb(n))
Re d(xa(n)7xa(n)—1) te (9)

ININ TN

making n — oo on (9) and using (6) we get,
nhﬁrgo Re d(z4(n), To(n)) = € and nlLIgo Re d(Zq(n)—1,To(n)) = € (10)

Next

Re d(xa(n) ) xb(n))

VARVAN

Re d(za(n)s Ta(n)—1) + Re d(Ta(n)—15 To(n)—1)
+Re d(zyn)—1, Ty(n)) (11)

Re d(xa(n)—l’xb(n)—l) < Re d(xa(n)—lvxa(n)) + Re d(xa(n)vxb(n))
+Re d(xpn), Tyn)—1) (12)

making n — oo on both inequalities (11) and (12) together with equations
(6) and (10), we obtain

lim Re d(‘ra(n)—l’xb(n)—l) =€ (13)

n—oo

Also

Re d(wq(ny—1,Tomn)) < Re d(Zom)—15Tawm)) + Re d(Ta@m), Tom)—1)
+Re d(xb(n)fla xb(n))

Re d(zo(n)s Ton)—1) < Re d(Ta(n), Tam)—1) + Re d(Tq(n)—1, Tym)—1)
making n — oo on the above two inequalities and using (6), (10), (13) we get,

nhﬁrgo Re d(xa(n)vxb(n)fl) =c (14)
now allow n — oo in (8) and using (10), (13), (14) with the continuity of ¢ we
have ¢ < %[6 + €] — Re ¢(€), that is Re ¢(e) = 0 and by the property of ¢,
we have ¢ = 0. Which is a contradiction to € > 0, so that {z,} is a Cauchy
sequence and since X is complete, there is a p € X so that x, — p, as n — oo.
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Next we prove that this p is a fixed point of f.

dlp, f(p)) = d(p,zps1) +d(f(zn), f(p))

< tait) + A, F(2)) + dp, f(0))] — 6(M ()

Re d(p, f(p)) < Red(p,xn41) + %[Red(scmp) + Re d(p, f(p))
+Re d(p,rni1)] — Re ¢(Re d(zn,p))

which on making n — oo by using continuity of ¢ and lemma 2 (see[1]), we have
Red(p, f(p)) < %Re d(p, f(p))—Re ¢(0) < %Re d(p, f(p)) which is possible only
if Re d(p, f(p)) = 0. similarly, we have Im d(p, f(p)) = 0. Thus, d(p, f(p)) =0
and therefore f(p) = p. To prove the uniqueness, suppose for p and q are two
fixed points of f. Now, d(p,q) = d(f(p), f(a)) = 5ld(p, f(q)) + d(q, f(p))] —
d(M(p,q)) and 0 < —¢(Re d(p,q)) by the property of ¢, Re d(p,q) = 0 and
similarly Im d(p,q) = 0, so that d(p,q) = 0 or p = q completes the proof.

In[6], Rao et. al., introduced the complex valued b-metric space and studied
their consequences. Now, we extended Theorem 1 in complete complex valued
b-metric spaces as follows.

Theorem 2. Let (X,d) be a complete complex valued b-metric space with
s > 1 and the map f: X — X satisfies

d(f(2), F () % = ld(, () + d(y, F(2))] — (M (z, 1)) (15)

— 2s4
for all z,y € X with ¢ and M (z,y) as in definition 8. Then f has a unique
fixed point (Note that here the weakly C-contractive type map depend on s).
Proof. Let xg € X be an arbitrary point and let x, = f(zp,—1),n =1,2,3...
If some positive integer n such that d(x, f(z,)) = 0, then x,, becomes a fixed
point of f, which completes the proof. So we assume that d(x, f(x,)) # 0, for
all n. As in theorem 1, we can easily shows that
lim Re d(zp+1,2,) =0 and lim Im d(zp41,2,) = 0. (16)

n—oo n—oo
because,

d(f(x), fy)) = L[d(ffm‘(y))er(y’f(flf))] — o(M(z,y))

254
1
Slda, f(y)) +dly, f(2))] = ¢(M(z,y))

Now we have to prove that the sequence {z,} is a Cauchy sequence. Arguing
by contradiction, using Lemma(1) we may assume that there is an € > 0 and

=
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the sequences {a(n)} and {b(n)} of positive integers such that a(n) > b(n) > n,
Re d(wq(n), Tyn)) = € and Re d(xq(m)—1,Ty(n)) < €, for all positive integers n.
Now,

™
IN

Re d(za(n), To(n)) = Re d(f(zam)—1), f(Tbm)-1))
1
@[Re d(‘ra(n)—h xb(n)) + Re d(xa(n)vxb(n)—l)]
—Re ¢(Re d(wq(n)—1, Ton)—1)) (17)

IN

also

Re d(:ca(n),:cb(n))
s[Re d(Zq(n)s Tan)—1) + Re d(Ta@m)—15 To(n))]
sRe d(24(n)s Ta(n)—1) + S€ (18)

ININ A

so from (16), we get

e < lim_>sup Re d(x4(n), Ty(n)) < s€ (19)
and

2 < limsup Re d(2q(n)-1 To(n)) < € (20)
Next

€ < Re d(xa(n)axb(n))
< s Re d(z4(m), Tan)—1) + s? Re d(Ta(n)=1, To(n)—1)
+s% Re d(Th(n)—15 To(n)) (21)

Re d(xa(n)—lvxb(n)—l) < sRe d(xa(n)—lvxa(n)) + 5? Re d(xa(n)’xb(n))
+5% Re d(Tp(n), Tp(n)—1) (22)

It follows from (16), (19), (21) and (22) that

< limsup Re d(q(n)—1, Tp(n)—1) < s3e (23)

€
s2 n—00

Also, we can show that

€ ..
— < liminf Re d(zq(n)—1, Tp(n)—1) < s3e (24)

S n—o0
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Further
Re d(xa(n)—lvxb(n)) < s Re d(xa(n)—lvxa(n)) + 82 Re d(xa(n)axb(n)—l)
+5° Re d(Tpn)—1: Ty(n))

Re d(xa(n)vxb(n)—l) < sRe d(xa(n)vxa(n)—l) + s Re d(xa(n)—lvxb(n)—l)
from the above two inequalities with (16), (20) and (23), we get

€ .
3 <limsup Re d(wq(n), Tpm)—1) < ste (25)

n—oo

now using (17), (20), (23) and (25) we have

1
e < gls'e+ s'e +limsup[~Re ¢(Re d(wa(m)-1, Tp(n)-1))]

- 2t n—00

0 < —linrr_l)gf[Re ¢(Re d(Ta(ny—1> Ton)—1))]

A

liminf Re ¢(Re d(z4(n)—1,Tpn)—1)) =0 as Re ¢(.) > 0. Take

n—oo
an = Re d(xa(n)—lvxb(n)—l)a
then 1irr_1>inf Re ¢(a,) = 0. Therefore, there is a subsequence {cy,, } such that
n—00

limy,_y00 Re ¢(ow,) = 0. Since ¢ is continuous, we have Re ¢(limy_yo0 atp,) =
limy_, o Re ¢(ap, ) = 0. Also by the property of ¢, we obtain limy_, o, =0,

which in turn implies liminf oy, < 0. That is lim inf Red(zq(n)—1, Tpny—1) < 0,

which is a contradiction to (24). So that {x,} is a Cauchy sequence and the
rest of the proof is followed by T heoreml.
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