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Abstract: Recently a new class of differential equations is introduced and studied, so

called differential equations with non-instantaneous impulses. These equations are models of

real world phenomena which are subject to a certain impulsive state displacement at fixed

moments and the duration of this displacement is not negligible small. We emphasize on some

phenomena typical for these equations and illustrate them on examples.
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1. Introduction

In the real world life there are many processes and phenomena that are charac-
terized by rapid changes in their state. In this paper the impulses start abruptly
at some points and their action continue on given finite intervals. The dynamic
of such kind of processes could be adequate modeled by differential equations
with non-instantaneous impulses (NIDE). These types of equations were intro-
duced by Donal O’Regan et al. in 2011 ([9]). Later, many qualitative results
for differential equations with non-instantaneous impulses are obtained in [7],
[14] and for Caputo differential equations with non-instantaneous impulses in
[3], [5] . Also some approximate methods are suggested in [2]. Note the system-
atic description of the solutions of NIDE is given in the published up to date
monograph [1].
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The main aim of the paper is to emphasize on some typical phenomena
for DENI and illustrate them on examples. Spiting of the solutions, non-
uniqueness, dying of the solutions etc. are illustrate on examples.

In the book [17] the speed of the neural impulse is considered and explained.
In thsi book the presence and aplying the non-instantaneous impulses in mod-
eling the neural impusles is well gorund.

2. System Description

In this paper we will assume two increasing sequences of points {ti}
∞
i=1 and

{si}
∞
i=1 are given such that 0 < si ≤ ti < si+1, i = 1, 2, . . . , and limk→∞ sk = ∞.

Let t0 ∈ R+ be a given arbitrary point. Without loss of generality we will
assume that 0 ≤ t0 < s1.

Consider the initial value problem for the system of non-instantaneous im-

pulsive differential equations (NIDE)

x′(t) = f(t, x(t)), for t ∈ (tk, sk+1], k = 0, 1, 2, . . .

x(t) = Φi(t, x(t), x(si − 0)), for t ∈ (si, ti], i = 1, 2, . . . ,

x(t0) = x0,

(1)

where x, x0 ∈ R
n, f : [0, s1]∪

∞
k=1[tk, sk+1]×R

n → R
n, Φi : [si, ti]×R

n×R
n → R

n,

(i = 1, 2, 3, . . . ).

Remark 1. The intervals (sk, tk], k = 1, 2, . . . are called intervals of
non-instantaneous impulses. The functions Φk(t, x, y), k = 1, 2, . . . , are called
non-instantaneous impulsive functions.

Remark 2. If tk = sk, k = 1, 2, . . . then the IVP for NIDE (1) reduces to
an IVP for impulsive differential equations (for example see [4], [8], [11], [12],
[15], the monographs [10] [16] and the cited references therein). In this case at
any point of instantaneous impulse tk the amount of jump of the solution x(t)
is given by Ik = Φk(tk, x(tk + 0), x(tk − 0))− x(tk − 0).

Let J ⊂ R+ be a given interval. Introduce the following classes of functions

PC(J) = {u : J → R
n : u ∈ C(J ∩

(

∪∞
k=0 (tk, sk+1]

)

,R
n) :

u(sk) = u(sk − 0) = lim
t↑sk

u(t) < ∞, u(sk + 0) = lim
t↓sk

u(t) < ∞,

k : sk ∈ J}; (2)

PC1(J) = {u ∈ PC(J) : u ∈ C1(J ∩
(

∪∞
k=0 (tk, sk+1]

)

,R
n)}.
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Figure 1. Example 1. Graph of the

solution of (3) with Φi(t, x, y) =
y

t
.

Figure 2. Example 1. Graph of the

solution of (3) with Φi(t, x, y) =
3

t
.

Remark 3. Any solution of (1) is from the class PC1([t0, b)), b ≤ ∞, i.e.
any solution might have a discontinuity at any point sk, k = 1, 2, . . . .

3. Splitting of the Solutions

One of the typical behavior of the solutions of NIDE comparatively with the
corresponding ordinary differential equation is splitting of the solutions. We
will illustrate it on an example.

Example 1. Consider the initial value problem for the scalar non-instantane-
ous impulsive differential equation

x′ = x, for t ∈ (tk, sk+1], k = 0, 1, 2, . . .

x(t) = Φi(t, x(t), x(ti − 0)), for t ∈ (si, ti], i = 1, 2, . . . ,

x(t0) = x0

(3)

where x, x0 ∈ R, Φi : [si, ti] × R
2 → R, (i = 1, 2, 3, . . . ), tk = 2k, sk =

2k + 1, k = 0, 1, 2, . . . .

Consider the corresponding IVP for ODE

x′ = x, for t ∈ (τ, sp+1],

x(τ) = x̃0
(4)

where τ ∈ [tp, sp+1), p is a non-negative integer.

The IVP for ODE (4) has an unique solution given by x(t) = x̃0e
t−τ .
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Now let Φi(t, x, y) =
y
t
. Then the IVP for NIDE (3) has an unique solution

given by (see Figure 1):

x(t;x0) =



















x0e
t for t ∈ [0, 1],
x0e

k

t
∏k−1

j=0
(2j)

for t ∈ (2k − 1, 2k], k = 1, 2, . . . ,

x0e
t−k

∏k
j=1

(2j)
for t ∈ (2k, 2k + 1], k = 1, 2, . . . , p.

(5)

Let Φi(t, x, y) =
3
t
. Then for any initial value x0 the IVP for NIDE (3) has

one and the same solution for t ≥ 1, i.e. the solutions are splitting for t ≥ 1
because of the impulsive functions. (see Figure 2). The solution of IVP for
NIDE 3 is given by(see Figure 2):

x(t;x0) =











x0e
t for t ∈ [0, 1],

3
t

for t ∈ (2k + 1, 2k + 2], k = 0, 1, 2, . . . ,
3
2ke

t−2k for t ∈ (2k, 2k + 1], k = 1, 2, . . . , p.

(6)

Note that for any impulsive function which does not depend on x(si − 0)
there is spliting of the solutions for t > s1.

4. Dying of the solutions

Example 2. Consider again the IVP for NIDE (3).
Let Φi(t, x, y) = x + y. Then on [0, 1] the solution is x0e

t. On (1, 2] the
solution satisfies the equation x(t) = x(t) + x0e

1 which has no solution for
x0 6= 0. Therefore, any nonzero solution of the IVP for NIDE (3) exists only
on [0, 1] in-spite of the nonzero initial value x0.

x(t;x0) = x0e
t for t ∈ [0, 1], x0 6= 0. (7)

Thus, the solution of the IVP for ODE (3) can have a solution for any initial
point τ and any p but because of the impulsive functions the corresponding IVP
for NIDE (1) can have a solution on a finite interval, it can die for t ≥ T for an
appropriate T > t0.

5. Non-Uniqueness of the Solutions

Example 3. Consider again the IVP for NIDE (3) with nonzero initial
value, ie. x0 6= 0.
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Let Φi(t, x, y) = tx2y. Then on [0, 1] the solution is x(t) = x0e
t 6= 0. On

(1, 2] the solution satisfies the equation x(t) = tx2(t)x(1 − 0) which has two
solutions: x(t) ≡ 0 and x(t) = 1

tx(1−0) =
1

tx0e
. Therefore,the IVP for NIDE (3)

has unique solution only on [0, 1]. For t > 1 the solution is not unique. For one
and the same initial value x0 there are two solutions of the IVP for NIDE (3)
given by

x(t;x0) =

{

x0e
t, for t ∈ [0, 1],

0, for t > 1,
(8)

and

x(t;x0) =



















































x0e
t, for t ∈ [0, 1],

1
tx0e

, for t ∈ (1, 2],
1

2x0e
et−2 = et−3

2x0
, for t ∈ (2, 3],

2x0

t
, for t ∈ (3, 4],

2x0

4 et−4 = x0e
t−4

2 , for t ∈ (4, 5],
2

tx0e
, for t ∈ (5, 6],

. . . . . . . . .

(9)

Thus, the solution of the IVP for ODE (3) can have unique solution for
any initial point τ and any p but because of the impulsive functions the cor-
responding IVP for NIDE (1) can have many solutions for one and the same
initial value x0.

6. Solution with Zero Initial Value

The IVP for ODE (4) has a zero solution when x̃0 = 0.

Example 4. Consider again the IVP for NIDE (3) with zero initial value,
i.e. x0 = 0.

Let Φi(t, x, y) = tx + y. Then on [0, 1] the solution is x(t) ≡ 0. On (1, 2]
the solution satisfies the equation x(t) = tx(t) + x(1 − 0) which has unique
solution: x(t) ≡ 0. Therefore, the IVP for NIDE (3) has unique solution for
t ≥ 0 (compare with the corresponding ordinary differential equation (4)).

Let Φi(t, x, y) = ty+x. Then on [0, 1] the solution is x(t) ≡ 0. On (1, 2] the
solution satisfies the equation x(t) = tx(1− 0) + x(1) which is satisfied for any
function x(t). Therefore, the IVP for NIDE (3) has nonzero solution for t ≥ 1
(compare with the corresponding ordinary differential equation (4)).
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7. Conclusions

The above examples illustrate the presence of the impulsive functions has a
huge influence on the behavior of the solutions of the IVP for NIDE (1). To
avoid the above mentioned phenomena and to assure existence and uniqueness
of the solutions of the IVP for NIDE (1) we need to introduce the conditions
(H):

(H1) The functions Φk ∈ C([sk, tk] × R
n × R

n
,R

n), k = 1, 2, . . . have to
depend on there third argument, i.e. on x(sk − 0).

(H2) The functions Φk ∈ C([sk, tk] ×R
n ×R

n
,R

n), k = 1, 2, . . . are such
that for any v ∈ R

n and any t ∈ [sk, tk] there exists exactly one function
u : [sk, tk]×R

n → R
n such that u(t, v) = Φi(t, u(t, v), v).

Example 4. We will give some examples of functions satisfying condition
(H2). Consider the IVP for NIDE (1) with n = 1 and let u, v ∈ R and ai :
[si, ti] → R.

Case 1. Let Φi(t, u, v) = ai(t)v − bu, i = 1, 2, . . . , b 6= −1. Then for given v ∈ R

we get u(t, v) = 1
1+b

ai(t)v, because u(t, v) = Φi(t, u(t, v), v) = ai(t)v −
bu(t, v), i.e. the condition (H2) is satisfied.

Case 2. Let Φi(t, u, v) = ai(t)v + u, i = 1, 2, . . . . Then

Case 2.1. If there exists a natural number p such that ap(t) 6= 0, t ∈ [sp, tp],
then for v 6= 0 there is not a function u : [sp, tp]×R → R satisfying
the equality from (H2): u(t, v) = ap(t)v+u(t, v), the condition (H2)
is not satisfied and the IVP for NIDE (1) has no solution for t > sp.
Only for v = 0 any function u : [sp, tp] × R → R satisfies u(t, 0) =
Φp(t, u(t, 0), 0) ≡ u(t, 0), the condition (H2) is not satisfied.

Case 2.2 If there exists a natural number p such that ap(t) ≡ 0, t ∈ [sp, tp],
then for any v ∈ R any function u : [sp, tp]×R → R satisfies u(t, v) =
Φp(t, u(t, v), v) ≡ u(t, v), the condition (H2) is not satisfied and the
IVP for NIDE (1) has non-unique solution.

Case 3. Let there exists a natural number p such that Φp(t, u, v) = v + u2. Then
since the equation u = v + u2 has no unique solution for all v ∈ R. The
condition (H2) is not satisfied.

�
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Remark 4. If in Condition (H2) ”the exactly one” is replaced by ”at least
one” then it can guarantee only the existence but not uniqueness.

Remark 5. The condition (H2) is used in [1], [14] for qualitative investiga-
tions of properties of solutions of differential equations with non-instantaneous
impulses.
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