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1. Introduction

In 1940, S.M. Ulam [14] raised the question concerning the stability of group
homomorphisms: Let G be a group and let G’ be a metric group with the metric
d(-, ). Given ¢ > 0, does there exist a 6 > 0 such that if a mapping f : G — G’
satisfies the inequality
d(f(zy), f(x)f(y)) <

for all z,y € G, then there exists a homomorphism F : G — G’ with d(f(z),
F(z)) < € for all z € G? D.H. Hyers [8] has solved the problem of Ulam for
the case of additive mappings in 1941. The result was generalized by T.Aoki
[1] in 1950, by Th.M. Rassias [11] in 1978, by J.M. Rassias [10] in 1992, and by
P. Gavruta [4] in 1994. Over the past few decades, many mathematicians have
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published on various generalized Hyers—Ulam stability functional equations [2,
3, 13].

Now, we recall some basic definitions and remarks of modular spaces with
modular functions, which are primitive notions corresponding to norms or met-
rics, as in the followings [5, 6, 15].

Definition 1. Let y be a linear space.

(a) A function p: x — [0, 00] is called a modular if for arbitrary z,y € x,
(1) p(z) =0 if and only if z =0,
(2) p(ax) = p(x) for every scalar o with |a| =1,

(3) plazx + By) < p(x) + p(y) for any scalars a, B, where o + f = 1 and
a’ B Z 07

(b) alternatively, if (3) is replaced by

(3) plazx + By) < ap(z) + Bp(y) for every scalars «, 5, where a + = 1 and
a’ B Z 07

then we say that p is a convex modular.
We remark a modular p defines a corresponding modular space, i.e., the
linear space X, given by

Xp={ze€x:p(Ax) -0 as X — 0}

Let p be a convex modular. Then, the modular space x, can be equipped with
a norm called the Luxemburg norm, defined by

. €T
]|, = inf{A > 0 p(x> <11

Remark 2. (a) If p is a modular on y, we note that p(tz) is an increasing
function in ¢ > 0 for each fixed x € x, that is, p(ax) < p(bx) whenever 0 < a < b.
(b) If p is a convex modular on y, then p(az) < ap(x) for all z € x and
0 < a < 1. Moreover, we see that p(az) < |a|p(z) for all z € x and |a| < 1. (c)
In general, we note that p( Y7, a;z;) < >o7 agp(a;) for all z; € x and a; > 0
(i=1,---,n) whenever 0 < > ; o := a < 1 [6]. (d) Consequently, we lead
to p( 3o cuiwy) < 30 ag|p(a;) for all ;€ x and 0 < D7 |oy| := a0 < 1.

Definition 3. Let x, be a modular space and let {x,} be a sequence in
Xp- Then,
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(1) {x,} is p-convergent to x € x, and write x, Ly aif p(z, —z) — 0 as
n — 0.

(2) {xn} is called p-Cauchy in x, if p(x, — ) — 0 as n,m — oo.

(3) A subset K of x, is called p-complete if and only if any p-Cauchy sequence
is p-convergent to an element in K.

They say that the modular p has the Fatou property if and only if p(x) <
liminf, - p(x,) whenever the sequence {z, } is p-convergent to z. A modular
function p is said to satisfy the As-condition if there exists x > 0 such that
p(2z) < kp(x) for all x € x,.

In 2014, G. Sadeghi [12] has established generalized Hyers—Ulam stabil-
ity via the fixed point method of a generalized Jensen functional equation
flrz+ sy) = rg(x) + sh(y) in convex modular spaces with the Fatou property
satisfying the Ag-condition with 0 < x < 2. In [15], the authors have pre-
sented the generalized Hyers—Ulam stability of quadratic functional equations
via the extensive studies of fixed point theory in the framework of modular
spaces whose modulars are convex, lower semicontinuous but do not satisfy any
relatives of As-conditions.

In 2007, Najati [9] investigated the following cubic functional equation

flaz +y) + flax —y) = af (x +y) + af (x —y) +2(a’ —a)f(z) (1)
for a fixed positive integer a > 2. In 2014, H. Koh and D. Kang [7] investigated
following functional equation

flaz +by) + f(ax — by) (2)
= ab?[f(z +y) + f(z = y)] + 2a(a® = V) f(x),
for all z,y € X and fixed a,b € Z(a >2,b> 1, a # ).
In this article, we first present generalized Hyers—Ulam stability via direct
method of the equation (2) in modular spaces without using the Fatou property
and p(ax) < kp(x), and then alternatively study generalized Hyers-Ulam sta-

bility via direct method of the equation (2) in modular spaces using necessarily
plax) < kp(x) without the Fatou property.

2. Generalized Hyers—Ulam Stability of Eq. (2).

For notational convenience, we let the abbreviation D f as follows:

Df(x,y) = f(ax+by)+ f(ax —by) — ab’[f(x +y) + f(z — y)]
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—2a(a2 — b2)f(:1:)

for all z,y in a linear space X. In the following, we present a generalized Hyers—
Ulam stability via direct method of the equation (2) in modular spaces without
using the Fatou property as in the following.

Theorem 4. Let X be a linear space and x, a p-complete convex modular
space. If a mapping f : X — x, satisfies

p(Df(x,y)) < é(x,y) (3)
and ¢ : X% — [0,00) is a mapping such that
d(a’z, aly)
Z a3 Jj+1) <0 (4)

for all x,y € X, then there exists a unique cubic mapping Iy : X — x, which
satisfies the equation (2) and

1
p(f(z) = Fi(z)) < 5%(,0) (5)
for all x € X.
Proof. Putting y =0 in (3), we obtain
p(Df(z,0)) = p(2f(ax) — 2a° f(x)) < ¢(,0), (6)
and so
f(ax) 1 3 1
p(f(@) = TG < o p(ef(ar) — 260 (@) < 55 0(,0)
for all x € X. Since Z] —0 m < 1, we prove the following functional
inequality
fa™z) nfl a]x fla’ta)
plf@) - 552 = (S o)) (7)
j=
n—1 1 ' '
= s (S (20 () =2 (@*12))]
j=
n—1

IN

Z QTlﬁl) ((Qagf(ajx) - 2f(aj+1x))>

=0
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1 .
= 2 2@3(j+1)p<Df(aJx,0))

IN

for all x € X.
Now, replacing « by a™x in (7), we have

fla™z)  fla™ ")
p( 5m 3(m+n) N 8)

which converges to zero as m — oo by the assumption (4). Thus the above
inequality implies that the sequence {%} is p-Cauchy for all z € X and so
it is convergent in Y, since the space X, is p-complete.

Thus, we may define a mapping Fy : X — x, as

Fi(z) :=p— lim fla"z) <= lim p(f(;:;x) - Fl(x)> =0,

n—oo a,3 n—00

for all z € X.
Now, we claim the mapping Fj satisfies the equation (2). If we set (x,y)
:= (a™z,a™y) in (3), and then divide the resulting inequality by a®", we get

(DI aty) p(Df (@, a"y))

p(a"z,a"y)
( a3n — a3n

a3n

<

for all ,y € X. Thus, for any fixed L > 2a® + 4ab® + 3 subject to 206°

L
w_i_%gl,weleadto

p(%DFl(w,y))

R e e

< L (iaw ) - LN (i 0y - L0
+ abeP(Fl(x +y) - f(an(+n+y))) + aTpr(Fl(x - W)
B o - 52 (P
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for all x,y € X and all positive integers n by Remark 2. Taking the limit as
n — 0o, one obtains p(3+DF(z,y)) =0, and so DFy(z,y) = 0 for all z,y € X.
Hence F} satisfies the equation (2) and so it is cubic.

On the other hand, since > ., 2(13(%“) + a%, < 1 for all n € N, it follows
from (6) and Remark 2 that

p(f(z) — Fi(z))
n 1 4 , a"tz)  F(ax
=p (Z; 573D <2a3f(a‘x) - 2f(a”r1x)> + fC(Lg(nJrl)) - 123 )>

n ) n+1
< Z WP(DJ((@Z%O)) + %P(% - Fl(aa:))
i=0

1q~ 1 i 1 (f(a"2)
S 22 (+1)¢(a $,0)+$p(%—F1(a$)),

=0

without applying the Fatou property of the modular p for all z € X and all
n € N, from which we obtain the approximation of f by the cubic mapping F;
as follows

o0

P ()~ i) €3 5y 0l 0) = 28(2.0)

=0

for all x € X by taking n — oo in the last inequality.
To show the uniqueness of F}, we assume that there exists a cubic mapping
G1: X — x, which satisfies the inequality

= aJ:c 0) 1
p(f(@) = Ga( SZ Sty = 52(0)

for all z € X, but suppose Fi(zg) # Gi(xp) for some xg € X. Then there
exists a positive constant ¢ > 0 such that ¢ < p(Fi(xg) — G1(zg)). For such
given € > 0, it follows from (4) that there is a positive integer ng € N such

that > 52 i=no ¢(§(ﬁ0f)) < e. Since F} and G are cubic mappings, we see from the

equality Fy(a™zg) = a®™0 Fy(z0) and G (a™z0) = a®°G1(xg) that

e < p(Fi(xo) — Gi(x0))
_ p(Fl(a”O:co) — f(a™x) N fla™xg) — Gl(a”0x0)>

a3’no a3n0
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< Slnop(ﬂ(a"(’:co) - f(a"osco)) + ﬁp(f(am%o) _ Gl(a"0x0)>

Z ¢ aJJrTLoxO 0)
a3”0 , a3(+1)

¢ a]x()a
-y demo
a3 j+1)

Jj=no

IN

which leads a contradiction. Hence the mapping F} is a unique cubic mapping
near f satisfying the approximation (5) in the modular space x,. O

As corollary of Theorem 4, we obtain the following stability result of the
equation (2), which generalizes stability result in normed spaces.

Corollary 5. Suppose X is a normed space and X, is a p-complete convex
modular space. For given real numbers ¢; > 0 and 0 < r; < 3 (i = 1,2).
Suppose that a mapping f : X — x, satisfies

p(Df(x,y)) < ez + eally[™

for all x,y € X. Then there exists a unique cubic mapping Fy : X — X, such
that

p(f(x) — Fi(x)) < %

for all x € X.

We observe that if the modular p satisfies the As-condition, then x > 1
for nontrivial modular p, and that x > 2 for nontrivial convex modular p. See
references [5, 6, 12, 15]. Similarly, we apply the assumption p(az) < kp(x) for
all z € x, to the following theorem to prove an alternative stability result of
functional equation (2), where we note k > a for nontrivial convex modular p.

Theorem 6. Suppose X is a linear space and X, is a p-complete convex
modular space with p(ax) < kp(z) for all x € x,. If there exists a function
¢ : X% —[0,00) for which a mapping f : X — x, satisfies

(Df(w y) < e(r,y), and 9)

Z” _ Yy = W(z,y) < oo (10)

al aﬂ al

J=1
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for all z,y € X, then there exists a unique cubic mapping Fy : X — x, satisfies
the equation (2) and

pf (@) = Ba(x)) < 5-¥(x,0) (11)
for all z € X.
Proof. 1t follows from (6) that
3,,T 1 =
()~ P F(2) < 50l 5.0)

for all x € X. Thus, we obtain inequality by the convexity of the modular p

6, T 1 ( 4,7 ) 1 ( 5,0 8, T )
_ el < _ el _ i el

pf@) =’ f () < —p(af@) —at(D)) + —p(aF(E) — ()

T K 1 T
< 2305 elE)
~ a 2@(@ + a2 29\ a2
for all x € X. Then using the repeating process for any n > 2, we prove the
following functional inequality

TR RN o
p(f(@) —aF(E) <520

J=1

#(=.0) (12)

al

for all z € X. In fact, it is true for j = 2. Assume that the inequality (12)
holds true for n. Thus, using the convexity of the modular p, we deduce

< Zp(f@) = a*f(D)) + =p(£C) —a™f(=)
K x K T\ g3 x
() S )
p=
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which proves (12) for n 4+ 1. Now, replacing 2 by a~™x in (12), we have

T

p(agmf(aim) - a3(m+")f(arf+n)) < HSmP(f(a—) Snf(am+n)>
KSm._Z al (a3+m O)

]7

IN

45-3

1 K T K™
3m = v v A
2,21 a’ SO(aﬂ'*m’o> am

=

4(j+m)— T 0
- _Z aJtm (aj-i-m’ )

IN
=

1 mtn K43

X
= 5 2 e(0).
j=m+1

which converges to zero as m — oo by the assumption (10). Thus, the sequence
{a® f(%)} is p-Cauchy for all z € X and so it is p-convergent in y, since the
space X, is p-complete.
Thus, we may define a mapping F5 : X — x,, as
n— oo

Byfa)i=p— lim o™ f(=) <= lm p(a’f() — Fofa)) =0,

for all x € X. Then, by the p(az) < kp(x) without using the Fatou property,
we can see the following inequality

P~ Ba@) < 2p(af@) —aaf() +a @ f(2) — aFy())
< Zp(fia) a3nf<a—n>) +5p(a3"f<a—n>—F2<x>)
< S0+ S () - Be)

j_
Il = k%2 g 0
3 2 e g0

IN
I

by taking n — oo, which yields the approximation (11).
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Now, we claim the mapping F» satisfies the equation (2). Setting (z,y)
:= (a7 "x,a""y) in (9), and multiplying the resulting inequality by a", we get

p(@®"Df(a "z,a "y)) < &"p(a "z, a"y)

_ _ K
< Wplar.ay)
4n
K
= a—n@(a nx,a ny),

which tends to zero as n — oo for all x,y € X. Thus, it follows from Remark
2 that for any fixed L > 2a3 + 4ab® + 3,

p(7 D3, p)
(%D&(x,y) 2@ DR Ly LDt )
Lp(Bfaz +by) — a () 4 Lo (Byfar - by) - ()
% (P +9) - ) + Lo (Pato = ) — a1 (=)
e a3“f<a%>) Loy 1))

for all z,y € X and all positive integers n. Taking the limit as n — oo, one

obtains p(+DFs(z,y)) = 0, and thus DFy(z,y) = 0 for all z,y € X. Hence F,
satisfies the equation (2), and so it is cubic.

To show the uniqueness of Fy, we assume that there exists a cubic mapping
G2 : X — X, which satisfies the inequality

pf(w) ~ Golw) < LT

a]
Jj=1

for all x € X. Since F» and G2 are cubic mappings, we see from the equality
a®"Fy(a ") = Fp(z) and a®"Go(a ") = Ga(w) that
o3(n+1)
p(Ga(x) — Fy(z)) :P< 3 (GQ(a_n) - f(a_”)) T3 (f(=) = Fa(=
HS(nJrl) T T HS(nJrl) T T
< Bt W et Yy Sl
< (Gal) — F) + —p (£ — Ba())
o 3nt1) X 45-3

< ¢ 0)




APPROXIMATE GENERALIZED CUBIC MAPPINGS... 637

- K H3 0 ﬁ4(j+n)—3 T 0)
—a a3 ‘ altn ¥ aj-i-?’b’
Jj=1
/€4 > /Q4j73 ( X 0)
ot @ i
Jj=n+1

which tends to zero as n — oo for all x € X. Hence the mapping F5 is a unique
cubic mapping satisfying (11). O

Remark 7. In Theorem 6 if ), is a Banach space with norm p, and so
plazr) = ap(x), Kk = a, then we see from (9) and (10) that there exists a unique
cubic mapping F» : X — X,, defined as Fp(z) = lim, 00 a® f(%), z € X,
which satisfies the equation (2) and

for all z € X, which is an implicit alternative stability result in the paper [7, 9].

As corollary of Theorem 6, we obtain the following stability result of the
equation (2), which generalize stability result in normed spaces.

Corollary 8. Suppose X is a normed space and X, is a p-complete convex
modular space with p(ax) < kp(x). For given real numbers ¢; > 0 and xk* <
a'*ri (i = 1,2), if a mapping f : X — x, satisfies

p(Df(x,y)) < ezl + eally[™

for all x,y € X, then there exists a unique cubic mapping Fy : X — X, such
that

K2eq ||z||™
i) = Ba) < 5t

for all x € X.
Acknowledgments
This research was supported by Basic Science Research Program through the

National Research Foundation of Korea(NRF') funded by the Ministry of Edu-
cation(2016R1D1A3B03930971).



638 H.-M. Kim, Y.S. Hong

References

[1] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc.
Japan, 2 (1950), 6466, doi.org/10.2969/jmsj/00210064.

[2] C. Borelli and G.L. Forti, On a general Hyers—Ulam stability result, Internat. J. Math.
Math. Sci. 18 (1995), 229-236, doi:10.1155/S0161171295000287.

[3] S. Czerwik, On the stability of the quadratic mapping in normed spaces, Abh. Math.
Sem. Univ. Hamburg, 62 (1992), 59-64, doi:10.1007/BF02941618.

[4] P. Gavruta, A generalization of the Hyers—Ulam—Rassias stability of approximately addi-
tive mappings, J. Math. Anal. Appl. 184 (1994), 431-436, doi:10.1006/jmaa.1994.1211,
doi.org/10.1006/jmaa.1994.1211.

[5] H. Kim and Y. Hong, Approximate Cauchy—Jensen type mappings in modular spaces,
Far East J. Math. Sci. 102, No. 7 (2017), 1319-1336, doi.org/10.17654/ms102071319.

[6] H. Kim and Y. Hong, Approximate quadratic mappings in modular spaces, Int. J. Pure
Appl. Math. 116 (2017), 31-43, doi.org/10.12732/ijpam.v116il.3.

[7] H. Koh and D. Kang, Approximate generalized cubic s—derivations, J. Funct. Spaces,
2014, Article ID. 757956, 6 pages, doi:10.1155/2014/757956.

[8] D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci.
U.S.A. 27 (1941), 222-224, doi:10.1073/pnas.27.4.222.

[9] A. Najati, The generalized Hyers—Ulam—Rassias stability of a cubic functional equation,
Turkish J. Math. 31 No. 4 (2007), 395-408.

[10] J.M. Rassias, On the stability of the Euler-Lagrange functional equation, Chinese J.
Math. 20 No. 2 (1992), 185-190, doi.org/10.1515/dema-~1996-0411.

[11] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer.
Math. Soc. 72 (1978), 297-300, doi:10.1090/S0002-9939-1978-0507327-1.

[12] G. Sadeghi, A fixed point approach to stability of functional equations in
modular spaces, Bull. Malays. Math. Sci. Soc. 37 No. 2 (2014), 333-344,
doi.org/10.5666/kmj.2015.55.2.313.

[13] F. Skof, Local properties and approximations of operators, Rend. Sem. Mat. Fis. Milano,
53 (1983), 113-129.

[14] S.M. Ulam, Problems in Modern Mathematics, Chap. VI, Wiley, New York, (1960).

[15] K. Wongkum, P. Chaipunya, and P. Kumam, On the generalized Ulam—Hyers-Rassias
stability of quadratic mappings in modular spaces without As-conditions, J. Funct.
Spaces, Vol. 2015, Article ID. 461719, 6 pages, doi:10.1155/2015/461719.



