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Abstract: In this paper, stock price basic parameters: expected value and volatility are

being estimated in the sense of Ito stochastic dynamics. For model efficiency, stock exchange

data of DBS Group Holding Ltd (D05. SI) spanning between May 23, 2010 to May 15, 2016
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sciences.
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1. Introduction

Decision analysis is a vital aspect of our daily activities either as separate indi-
viduals or entities. The state of decision making mostly occur under uncertainty
which requires a set of quantitative decision making tools or techniques to help
the decision maker under the probabilistic condition. Of the most universal or
widely applied decision-making tools under risk or uncertainty is the expected
value (EV). The EV calculated as a weighted average, denotes the return to be
made if a decision is repeated again and again. The EV takes uncertainty into
account by considering the probability of each possible outcome, it converts
the information to a single number aiding easier decisions, and calculations
involving EV are relatively simple. The stock price parameter is one of the
highly volatile variables in a stock exchange market while the associated unsta-
ble property calls for concern on the part of investors, since the sudden change
in share prices occurs randomly and frequently [1-10]. Therefore, expected
value, and volatility functions of stock price process are derived using the stock
exchange data of DBS Group Holding Ltd (D05. SI) spanning between May
23, 2010 to May 15, 2016. DBS Group Holding Ltd is an investment holding
company with over 22, 194 full time employees in finance sector [11]. It renders
a lot of financial and commercial banking services internationally. Its operation
is via wealth management or consumer banking. Related works on volatility,
stock markets and the likes can be linked to recent articles of [12-17] and the
references therein.

2. The Operational Dynamics of Stock Price

Suppose S(t) is the firm stock price of an asset at a specified time t. Then
the evolutional dynamic of the stock price is a stochastic differential equation
(SDE) of the form:

dS = µSdt+ σSdW, S = S (t) , W = W (t) (1)

where µ, σ, and W (t) denote the drift parameter, volatility parameter, and
Brownian motion (Wiener process) respectively.

In an integral form, (1) is expressed as:

{

S (t) = S (t0) +
∫ t

t0
µS (τ) dτ

+
∫ t

t0
σS (τ) dW (τ) , ∀t ≥ 0.

(2)
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In (2), the core problem is the calculation of the stochastic integral (the second
integral in RHS). This can be resolved via Ito theorem.

2.1. One Dimensional Ito formula

Let X = {Xt, t ≥ 0} be an adapted stochastic process, then an Ito SDE associ-
ated to is defined as:

{

dX = a (X, t) dt+ b (X, t) dW (t) ,
X (0) = X0, t ∈ R+

(3)

where a (X, t) and b (X, t) are average drift term, and diffusion term respec-
tively, while dW (t) is a Brownian noise. Suppose that X solves (3), and h (X, t)
is taken as a smooth function such that h : R+ → R, and define:

Z (t) = h (X, t) , (4)

then, by Ito, solves the SDE:







dZ =

(

∂h(X,t)
∂t

+ a (X, t) ∂h(X,t)
∂X

+1
2b

2 (X, t) ∂2h(X,t)
∂X2

)

dt

+ b (X, t) ∂h(X,t)
∂X

dW (t)






. (5)

The proof of (4) can be found in [3]. So, the solution of (2) which is the stock
price at time t is obtained as follows upon the application of the Ito formula:

S(t) = S (t0) e

(

µ−σ2

2

)

(t−t0)+σW (t−t0)
. (6)

Therefore for t0 = 0, (5) becomes:

S(t) = S0e

(

µ−σ2

2

)

t+σW (t)
, S (0) = S0. (7)

2.2. The Stock Price Expected Value

Recall for a GBM, W = W (t), W ∼ N (0, t) ; showing that W (t) has a moment
generating function (MGF):

E
(

eµW (t)
)

= e
µ2

2
t, µ ∈ R (8)

where the operator E (.) denotes mathematical expectation or expected value
with respect to .
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Now, for a GBM in (6), we take the mathematical expectation of both sides as
follows:

E (S(t)) = E

(

S0e

(

µ−σ2

2

)

t+σW (t)
)

= E (S0)E

(

e

(

µ−σ2

2

)

t
)

E
(

eσW (t)
)

= S0e

(

µ−σ2

2

)

t
E
(

eσW (t)
)

. (9)

Hence, applying (7) in (8) yields:

E (S(t)) = S0e

(

µ−σ2

2

)

t
e

σ2

2
t. (10)

2.3. The Stock Price Variance

By definition, the variance of S(t) is defined and denoted as:

V ar (S (t)) = E
[

S(t)− E (S(t))
]2

= E
[

S2(t)
]

−
(

E [S(t)]
)2 . (11)

But

S2(t) = S2
0e

2
(

µ−σ2

2

)

t+2σW (t)
(12)

E
[

S2(t)
]

= E

[

S2
0e

2
(

µ−σ2

2

)

t+2σW (t)
]

(13)

= S2
0e

2µt+σ2t. (14)

Hence,

V ar (S (t)) = E
[

S2(t)
]

−
(

E [S(t)]
)2

=
(

S2
0e

2µt+σ2t
)

−
(

S0e
µt
)2

= S2
0e

2µt
(

eσ
2t − 1

)

.

(15)

Equations (9) and (14) thus represent the expected value and the variance
of the stock price process, S (t) respectively.
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3. The Drift and Volatility Estimation

Here, the stock rentability is defined as:

RSi =











R (tj) =
S(tj)−S(tj−1)

S(tj−1)
, j ≥ 1, discrete time,

R (t) = dS(t)
S(t) , continuous time.

(16)

Hence, the drift term µ , and the volatility parameter, σ of the rentability
function are estimated using unbiased estimators which give: µ = E [RSi] =
6.211 × 10−3, σ =

√

V ar (RSi) = 2.631 × 10−2, with for data size of , W (t) ∼
N (0, t). As such:

E [S (t)] = (13.62) e6.211×10−4t. (17)

V ar (S (t)) = S2
0e

2µt
(

eσ
2t − 1

)

= (13.62)2 e2(6.211×10−4)t
(

e(2.631×10−2)
2
t − 1

) . (18)

Hence,

V olatility (S (t)) =

√

(13.62)2 e2(6.211×10−4)t
(

e(2.631×10−2)2t − 1
)

. (19)

Fig. 3.1: Expected value of the stock price process
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Fig. 3.2: Volatility of the stock price process

Fig. 3.1 and Fig. 3.2 show the expected value and the volatility (respec-
tively) of the stock price process using the simulated data in [11].

4. Concluding Remarks

The result shows that expected value of the stock price is proportional to the
time parameter. In a simple approach, we established volatility function with
regard to decision making on stock trading. For stock option valuation, decision
regarding uncertainty can easily be reached based on the expected value of
the stock data. The approach can also be used to benchmark the result of
Stratonovich integral in stock option valuation. This can also be used to test
the robustness of other models.
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