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Abstract: In this paper we forward a method of construction of hadamard matrix with the

help of two block matrices J and A under some restrictions on matrix A.
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1. Introduction

Let us begin with the definition of Hadamard matrix.

Definition 1. Hadamard Matrix: A hadamard matrix H of order m with
entries +1 and -1 is called hadamard matrix if

HHT = mIm

Examples.

(

1 1
−1 1

)

,









1 1 1 1
−1 1 −1 1
−1 −1 1 1
1 −1 −1 1









.
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1.1. Applications of Hadamard matrices

Applications of hadamard matrices are especially those in communication sys-
tem, digital image processing and orthogonal spreading sequences for direct
sequences spread spectrum code division multiple access.Hadamard matrices
have direct applications in error control codes. hadamard matrices have also a
very wide variety of applications in modern communications and Statistics (see
[5], [4], [3], [12],[3],[8]).

1.2. Properties of hadamard Matries

If Hm be a hadamard Matrix of order m then

1. |det(Hm)| = m
m

2

2. HHT
m = HT

mHm

3. hadamard matrices can be change into other hadamard matrices by per-
muting rows and columns and by multiplying rows and columns by −1.

4. The order of hadamard matrix is 1, 2 or 4m, where m is a positive integer.

5. If H4m is a normalized hadamard matrix of order 4m then every row
(column), except the 1st has 2m ones minus and 2m plus ones in each
row (column).

6. The rows and columns of any hadamard matrix are pair wise orthogo-
nal.This means that the dot product of any two distinct rows or columns
will be zero.

7. The rows and columns of any hadamard matrix are pair wise balanced,
that is when comparing the elements in any distinct pair of rows or
columns component wise there will be an equal number of pairs of iden-
tical entries and pair of non identical entries

(see [3], [5],[6])

2. Preliminaries

The main challenge in the construction of hadamard matrices is to settle hadamard
conjecture.The statement of hadamard conjecture is given below:
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There exist a hadamard matrix for every order 4m, where m is some
positive integer.

There are many methods of construction of hadamard matrices some of them
are given below:

2.1. Construction by tensor product of two hadamard matrices

The Tensor product of two matrices A and B is defied as a matrix C =












a11B a12B ....... ....... a1mB

a21B a22B ....... ....... a2mB

....... ....... ....... ....... .......

....... ....... ....... ....... .......

am1B am2B ....... ....... ammB













this product is denoted by A⊗B

Theorem: The tensor product of two hadamard matrices is a hadamard matrix.
(see [6],[10],[3])

2.2. Sylvester’s construction of Hadamard Matrices

This method is based on the following two theorems:

Theorem 2. There is a hadamard matrix of order 2m for all positive

integers m.

Theorem 3. If Hm and Hn are hadamard matrices of order m and n

respectively then their kronecker product H = Hm⊗Hn is an hadamard matrix

of order mn.

With the help of above two theorems one can construct a hadamard matrix
of order 2m

Examples 2.2.1: H2 =

(

1 1
−1 1

)

, it is a hadamard matrix of order 2 and

H4 = H2 ⊗H2 =

(

1 1
−1 1

)

⊗

(

1 1
−1 1

)

=









1 1 1 1
−1 1 −1 1
−1 −1 1 1
1 −1 −1 1









. H4 is a

hadamard matrix constructed using
Sylvester’s method.



54 P.K. Manjhi, A. Kumar

(see [3])

2.3. Paley’s method

If pα = q is a prime power and q + 1 ≡ 0(mod4), then a hadamard matrix of
order q + 1 can be constructed as follows:
suppose the member of the field GF(q) are labelled a0, a1, a2, a3, ...... in some
order. A matrix Q of order q is defined as follows:
the (i, j) entry of Q equal to χ(ai−aj), where χ is quadratic character on GF(q)
define by χ(0) = 0

and χ(b) =

{

1, if b is non-zero quadratic element in GF(q)
−1, if b is not a quadratic element in GF(q).

set S =

(

0 1
−1 Q

)

, then H = Iq+1 + S, where 1 equal to q × 1 matrix with

each entry 1 is a hadamard matrix.
(see [10],[8])

2.4. Williamson’s method

Williamson takes array

H =









A B C D

−B A −D C

−C D A −B

−D −C B A









where A, B, C and D are circulant matrices each of order n.
Williamson constructed these matrices as appropriate (1,-1)-linear combination

of (U + Un−1), (U2 + Un−2), ..., (U
n−1

2 + U
n+1

2 ), where U is circulant matrix of
order n with first row (0 1 0 0....0). Clearly Un = In=unit matrix of order
n.The condition on A,B, C and D is A2 + B2 + C2 + D2 = 4nI4n, then H is
a hadamard matrix of order 4n. This method needs computer search for the
construction of higher order of hadamard matrices. (see [10],[8])

3. Main Results

In this paper we forward a method of construction of hadamard matrix with
the help of one unknown matrix A.further, some conditions on matrix A is
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discussed. We have constructed a hadamard matrix of order 12 with the help
of this method.
The method and properties of matrix A are explained through the following
theorems:

Theorem 4. If A is an n× n ±1 matrix with the property 3A2 = −nJ +
4nIn, then the following matrix

H =









J A A A

−A J A −A

−A −A J A

−A A −A J









where J is all 1 matrix of order n, is a hadamard matrix of order 4n.

Proof.

HHT =









J A A A

−A J A −A

−A −A J A

−A A −A J

















J −A −A −A

A J −A A

A A J −A

A −A A J









=









J2 + 3A2 0 0 0
0 J2 + 3A2 0 0
0 0 J2 + 3A2 0
0 0 0 J2 + 3A2









=









4nIn 0 0 0
0 4nIn 0 0
0 0 4nIn 0
0 0 0 4nIn









= 4nI4n

[since 3A2 = −nJ + 4nIn] =⇒ H is a hadamard matrix of order 4n.

Theorem 5. IF H =









J A A A

−A J A −A

−A −A J A

−A A −A J









is a hadamard matrix of

order 4n, then the order of block matrix A is 3t for some integer t.

Proof. Since 3A2 = −nJ + 4nIn, therefore A2 = −n
3 J + 4n

3 In. Also since
A is a square matrix with entries ±1, therefore each entry in A2 must be an
integer. =⇒ −n

3 = an integer =⇒ 3 divides n.
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Corollary 6. IF H =









J A A A

−A J A −A

−A −A J A

−A A −A J









is a hadamard matrix of

order 4n, then the dot product of any two different rows in −n
3 .

Proof. Since A is a Symmetric matrix, therefore dot product of ith and jth
rows (i6=j)=dot product of ith and jth columns=(i,j)th entry of A2=−n

3 . [Since
A2 = −n

3 J + 4n
3 In.]

Theorem 7. IF H =









J A A A

−A J A −A

−A −A J A

−A A −A J









is a hadamard matrix of

order 4n, then in any two different rows or columns of A2 there are n
3 places

where sign is same.

Proof. Since A2 = −n
3 J+ 4n

3 In, therefore each non diagonal entry in A2 is −n
3

and each diagonal entry in A2 is 4n
3 − n

3 = n. Now let Ri = (ai1, ai2, ai3, ...., ain)
and Rj = (aj1, aj2, aj3, ...., ajn) be two different rows of A2(That is i 6= j), then
RiRj =

∑n
r=1 airajr = −n

3 . Since in
∑n

r=1 airajr there are n terms each of
which is either +1 or −1, therefore in

∑n
r=1 airajr there are 4n

3 terms of +1
and n

3 terms of −1.Since −1 in the dot product indicate that corresponding
terms have different sign, therefore in Ri and Rj there are n

3 places where sign
is different.

4. Illustration

In this section we construct a hadamard matrix of order 12 with the help of
method explained above.

Consider A =





−1 1 1
1 −1 1
1 1 −1



, then H =









J A A A

−A J A −A

−A −A J A

−A A −A J









=
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









































1 1 1 −1 1 1 −1 1 1 −1 1 1
1 1 1 1 −1 1 1 −1 1 1 −1 1
1 1 1 1 1 −1 1 1 −1 1 1 −1
1 −1 −1 1 1 1 −1 1 1 1 −1 −1
−1 1 −1 1 1 1 1 −1 1 −1 1 −1
−1 −1 1 1 1 1 1 1 −1 −1 −1 1
1 −1 −1 1 −1 −1 1 1 1 −1 1 1
−1 1 −1 −1 1 −1 1 1 1 1 −1 1
−1 −1 1 −1 −1 1 1 1 1 1 1 −1
1 −1 −1 −1 1 1 1 −1 −1 1 1 1
−1 1 −1 1 −1 1 −1 1 −1 1 1 1
−1 −1 1 1 1 −1 −1 −1 1 1 1 1











































.

H is a hadamard matrix of order 12.

Here A is a symmetric matrix of order 3 and A2 =





−1 1 1
1 −1 1
1 1 −1





2

=





3 −1 −1
−1 3 −1
−1 −1 3



 =⇒ J2 + 3A2 =





3 3 3
3 3 3
3 3 3



 +





9 −3 −3
−3 9 −3
−3 −3 9



 =





12 0 0
0 12 0
0 0 12



 = 4 × 3I3 =⇒ 3A2 = −3J + 4 × 3I3. Thus A fulfill the

condition for H to be a hadamard matrix.

5. Future Prospects

The main question is about the existence of matrix A of above type.Whether
there exist a matrix A for every order 3t or not?
If there exist Matrix A of order 3t for every positive integer t, then it will be a
partial proof of hadamard conjecture.
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