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Abstract: Conditions are given for a Banach algebra A with involution which insure that

every derivation on A is continuous. To do this, we define and study on a concept called

σ-primeness.
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1. Introduction

In Automatic Continuity theory we are concerned with algebraic conditions
on a linear map between Banach spaces which make this map automatically
continuous. This theory has been mainly developed in the context of Banach
algebras, and there are excellent accounts on automatic continuity theory [3], [4]
,[9] (see also [10]) in this associative context. In [11] Singer and Wermer proved
that the range of a continuous derivation on a commutative Banach algebra
is contained in the Jacobson radical. They conjectured that the assumption
of continuity is unnecessary. In [6] Johnson proved that if is a semi-simple
Banach algebra, then every derivation on A is continuous and hence by the
Singer-Wermer theorem it is zero.
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In this paper, we address the problem of automatic continuity of derivation
in some Banach algebras with involution σ, to know the σ-prime Banach alge-
bras. Regarding continuity the Automatic Continuity of prime Banach algebra,
we interested in the question: Q) Is any derivation in a semi-prime Banach al-
gebra is continuous? This question is still open even the cases of commutative
Banach algebras. However, it is well known that any derivation of an semi
simple Banach algebra is continuous [7]. Question (Q) is asked by J. Cusack in
[2]. He showed that if the answer to (Q) is negative, then there exists a radical
simple topologically Banach algebra non trivial. J. Cusack shown in [8] that
the following assertions are equivalent:

i) The separting ideal in a derivation of a Banach algebra is nilpotent.
ii) Any derivation of a semi-prime Banach algebra is continuous.
iii) Any derivation of a prime Banach algebra is continuous.

2. Preliminaries

In these papers, the algebras considered are assumed complex, unitary, not
necessarily commutative. An involution σ on an algebra A is a mapping: sat-
isfying the following properties: σ(x + y) = σ(x) + σ(y), σ(σ(x)) = x, σ(xy) =
σ(y)σ(x), σ(λ(x)) = λσ(x).
∀(x, y) ∈ A,∀λ ∈ C. With involution σ, A is called σ-algebra. An ideal of
σ-algebra is called σ-ideal if σ(I) ⊆ I (then σ(I) = I). Moreover, I is said to
be a σ-minimal (resp. σ-maximal) ideal of A if is minimal (resp. maximal) in
the set of nonzero (resp. proper) σ-ideals of A. Observe that if I is an ideal of
A, then I + σ(I), Iσ(I), σ(I)I and I ∩ σ(I) are σ -ideals of A.
Moreover, if we denoted by σ the map from A/I to A/I defined σ(a + I) =
σ(a) + I; then σ a well-defined involution on A/I .

An algebra is called simple if it has no proper ideals. An σ-algebra is called
σ-simple if it has no proper σ-ideals. We observe that every simple algebra with
involution (A, σ) is a σ-simple.
The following counterexample shows the converse is not true.

Counterexample [12] Let A be a simple algebra, we denoted by A the op-
posite algebra. Consider the algebra B = A ⊕ A. Provided with the exchange
involution defined by: σ(x, y) = (y, x), It is clear that B is not simple, since
the ideals of B are: (0), A, {0} × A,A × {0}. But B is σ-simple. Indeed, the
only σ-ideals of B are {0} and B.
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3. Charaterization of σ-prime algebra

An ideal I of an algebra A is prime if for all elements a, b ∈ A, we have:
aAb ⊆ I ⇒ a ∈ I or b ∈ I.
The An algebra A is called prime (resp. Semi-prime) if the ideal {0} is the
prime (resp. Semi-prime). Let M ⊆ A. M is said to nil if any element of M
is nilpotent. M is called nilpotent if there exists n ∈ IN∗ such that Mn = {0}
(the product of any n elements of M is zero). We call prime radical (or nil
radical); the intersection of all prime ideals of A. This radical will be noted L.
Note that L is a semi-prime ideal which is contained in all semi-prime ideal of
A. Thus, A is semi-prime if and only if L = {0}. We also show that L is a
nil ideal containing all left (or right) nilpotent ideals. In the commutative case
that A is prime is equivalent to saying that A is integral, and L is none other
than the set of nilpotent elements of A. We also have the following important
result that achieves the prime ideals.

Proposition 1. ([5] p.391) Let I be an ideal of an algebra A and let S be
a subset of A stable multiplication such that I ∩ S = {0}. Then there exists a
prime ideal P in A such that P ∩ S = {0}.

Let E be a set of an algebra A is called the left annihilator of E, denoted
G(E), the set defined by G(E) = {a ∈ A/aE = {0}}. Similarly, the right
annihilator is set of E defined by D(E) = {a ∈ A/Ea = {0}}. We note
Ann(E) = G(E) ∩D(E).

Definition 2. Let A be an algebra with involution σ. An ideal P of A is
said σ-prime (resp.σ-semi-prime), if this two σ-ideals I and J of A such that
IJ ⊆ P (resp. I2) ⊆ P , then I ⊆ P or J ⊆ P (resp. I ⊆ P ).

The algebra A is said σ-Prime (resp. σ-semi-Prime) if {0} is σ-prime (resp.
{0} is σ-semi-prime). If P is a prime σ-ideal of A, then P is σ-prime of A. Note
that if A is a prime algebra provided with an involution σ, then A is σ-prime.
However, the converse is not always true. This is the case of the following ex-
ample:
Example

Let A be a prime algebra and A the opposite algebra A. Consider the algebra
B = A × A . with the exchange involution defined by σ(x, y) = (y, x). From
(0, x)B(x, 0) = 0, it follows that B is not prime. For the From (0, x)B(x, 0) = 0,
it follows that B is not prime. For the σ-primeness of B, we suppose that
(a, b)B(x, y) = 0 and (a, b)Bσ(x, y)) = 0, then we get aAxyAb = 0 and
aAyxAb = 0, and hence aAx = yAb = aAy = xAb = 0, or equivalently
(a, b) = 0 or (x, y) = 0. This example shows that every prime ring can be
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injected in a σ-prime algebra and from this point of view σ-prime algebras con-
stitute a more general class of prime algebras.

It is therefore natural to ask under what conditions the converse is true. It
is subject to the following proposition:

Proposition 3. Let (A, σ) be σ-prime algebra. If the involution σ is
anisotropic, then A is prime.
Recall that involution is called anisotropic if;
∀a ∈ A; σ(a)a = 0 ⇒ a = 0.

Proof. Let I and J be two ideals of A such that IJ = {0}. Then:
(I ∩ σ(I))(J ∩ σ(J)) = {0} . As A is σ-Prime, hence I ∩ σ(I) = {0} or
J ∩ σ(J) = {0}. Suppose I ∩ σ(I) = {0}. So ∀a ∈ I, we have: aσ(a) = 0. As σ
is anisotropic,then, a = 0 ∀a ∈ A. As a result I = {0}.

In the following, we give some characterizations σ-Prime algebras.

Proposition 4. Let A be an algebra and P prime sub-algebra (resp.
Semi-prime) of A. Then, G(P ) = D(P ) = Ann(P ) is minimal prime ideal
(resp. semi-prime) of A and Ann(P ) is the only complementary to right and
left of P . Moreover, if Ann(A) 6= {0}, then there is no prime ideal strictly
content in P .

Proof. Let I be a right ideal of A such that PI = {0}. Then, IP is a
right ideal of P and (IP )2 = {0}. Hence, IP = {0}, through D(P ) ⊆ G(P ).
Similarly, it is shown that G(P ) ⊆ D(P ). Therefore, D(P ) = G(P ) = Ann(P ).
If I is complementary right ideal P , then IP ⊆ I ∩ P = {0}, where I ⊆
Ann(P ), which implies that Ann(P ) is the only complementary to the right
of P . Similarly, it is shown Ann(P ) is the only complementary left of P . Let
I and J be two ideals of A such that IJ ⊆ Ann(P ). then PIJ = {0}, hence
JPI ⊆ P and (JPI)2 = {0}. As P is a prime sub-algebra, JPI = {0},
therefore {0} = (PJ)(PI) ⊆ P . whereas the result, PJ = {0} or PI = {0},
where Ann(P ) is a prime ideal of A. Suppose now that Q is prime ideal of
A such that Q ⊂ Ann(P ). So PAnn(P ) = {0} ⊂ Q, which is absurd. So
Ann(P ) is a minimal prime ideal. By similar reasoning, we easily verify that if
Ann(P ) 6= {0}, then there is no prime ideal of A strictly contained in P .
For the semi-prime case, the reasoning is similar to the prime case

Lemma 5. (Lemma Andrunakiewich) Let A be a ring, I an ideal of A
and J an ideal of I. Then < J >3⊆ I, where < J > is the ideal of A generated
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by J .

Proposition 6. Let A be an algebra and I, P two ideals of A such that
P is prime, I 6= {0} and P ∩ I = {0}. So we have:
1) I is a prime sub-algebra which contains no prime ideal of A.
2) P is a minimal prime ideal of A and P = Ann(I).

Proof. 1) Let H, K two ideals of I such that HK = {0}. By Lemma
of Andrunakiewich, < H >3< K >3⊆ HK = {0} ⊆ P , where < H > (resp.
< K >) is the ideal of A generated by H (resp. K) . We have P is a prime ideal,
hence < H >⊆ P ∩ I = {0} or < K >⊆ P ∩ I = {0}. Therefore, I is a prime
sub-algebra. If Q is an prime ideal strictly content in I, then PI = {0} ⊆ Q,
which is absurd.
2) Follows immediately from 1) and the previous proposition.

Proposition 7. Let A be a σ-prime algebra is not prime. Then there
exists a prime ideal P such that:
1) P ∩ σ(P ) = {0}.
2) P and σ(P ) are two minimal prime ideals, P = Ann σ(P ) and σ(P ) =
Ann(P ).

Proof. 1) We apply Zorn’s lemma to the set D of ideals of A such that
I∩σ(I) = {0}. ThenD has a maximal element P such that P∩σ(P ) = {0}. Let
I, J be two ideals of A such that IJ ⊆ P . Then, (I∩σ(I))(J∩σ(J))(I∩σ(I)) =
{0}. This implies that I ∩ σ(I) = {0} or J ∩ σ(J) = {0}. Since P is maximal
in D, then I ⊆ P or J ⊆ P .
2) Follows immediately from the previous proposition

Proposition 8. Let A be an σ- algebra. Consider the following assertion:
1) A is σ-simple.
2) A is σ-prime.
3) A is σ-semi prime.
4) A is semi-prime.
Then: 1) ⇒ 2) ⇒ 3) ⇒ 4).

Proof. 1) ⇒ 2) Let I and J two non zero σ-ideals of A. Since A is σ-simple
then IJ = A2 6= {0}.
2) ⇒ 3) obvious.
3) ⇒ 4) Let I be a left ideal of A such that I2 = {0}. Then, (I ∩ σ(I)2 = {0}.
Since A is σ-Prime, then I ∩ σ(I) = {0}. On the other hand
(I + σ(I))2 = I2 + Iσ(I) + σ(I)I + σ(I)2 = σ(I)2 = σ(I2) = {0}.
As a result, I ⊆ I + σ(I) = {0}.
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Remark From the above proposition, we see that the concept of σ-semi
prime and semi prime on A coincide, which gives an equivalent definition of
semi-prime σ-algebras, using a particular class ideals instead to considered all
left ideals of A.

4. Automatic Continuity

In this work, we study the question (Q) in the class of σ-Prime Banach σ-
algebra. We show that if a B is a σ-prime Banach algebra that is not prime,
then all derivation in B is continuous (Theorem 1).

A derivationD on an algebra A is a linear mapping fromA to itself satisfying
D(xy) = D(x)y + xD(y) for all x, y ∈ A.
Let D a derivation of a Banach algebra A. Then, the separating ideal δ(D) of
A is the ideal of A defined by:

δ(D) = {y ∈ A/∃(xn)n ⊆ A : xn −→ 0 and D(xn) −→ y}.

Lemma 9. [10] Let S be a linear operator from a Banach space X into a
Banach space Y . then;
i) δ(S) is a closed linear space of Y .
ii) S is continuous if only if δ(S) = {0} and
iii) If T and R are continuous linear operators on X and Y respectively, and if
ST = RS, then R(δ(S)) ⊂ δ(S).

Lemma 10. [10] Let S be a linear operator from a Banach space X into a
Banach space Y , and let R be a continuous operator from Y into a Banach
space Z. Then:
i) RS is continuous if only if Rδ(S) = {0}.
ii) Rδ(S) = δ(RS),
iii) There is a constant M (independent of R and Z) such that if RS is contin-
uous then ‖ RS ‖≤ M ‖ R ‖.

Theorem 11. Let A is a σ-prime Banach algebra is not prime. Then all
derivation D in A is continuous

Proof. Since A is a σ-prime not prime algebra, there is a nonzero minimal
prime P such that P ∩ σ(P ) = {0} and P = Ann (σ(P )), σ(P ) = Ann (P )
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(Proposition (5)). Let δ(D) be the ideal separting of D in B. Suppose that
δ(D) ⊆ P , then P is a closed ideal [2]. On the other hand, if p is a nonzero
element of P , then pδ(D) = δ(D) (stability lemma [8]). Therefore: pδ(D) ⊆ P
, then pδ(D) = δ(D) ⊆ P = P . Which contradicts the assumption. Following
δ(D) ⊂ P . By the same reasoning, we show that δ(D) ⊂ (σ(P )). Which gives,
δ(D) ⊂ P ∩ σ(P ) = {0}. Therefore, D is continuous [10].

Corollary 12. Let A be Banach σ-algebra. If A is a simple algebra (resp.
σ-simple), then all derivation D in A is continuous.

Proof. Immediately follows from the proposition (6).
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